










































































Development of a Quaternion-Based Algorithm ... TIAX

Unfortunately, JV is not orthogonal, so it cannot be inverted just by taking the

transpose. Moreover, ¥V is not even invertible if [#| = /2. In this case (which we
already know to be problematic), the third column is a multiple of the first.

Nevertheless, for |0| # 7/2, some work will provide the inverse matrix

1 singtanf cos¢tanf

é/][;: =10 cos ¢ —sin¢ , (104)
0 sing¢sec cospsect

SO ]
?
0 | = Wyo. (105)
G

Note that as promised, the inverse doesn’t exist for |0| = /2.

Since (105) is a linear system, the error analysis is relatively straightforward. First,
similar to the argument presented at the beginning of the section, we do not integrate or
otherwise use the gyroscope data to compute the Euler angles. Thus we may consider
(¢,6,1) to be independent of (¢,6,4) in the following error analysis. Then taking the
derivatives, we have

¢
0 = aEVXBad¢+ %& o + Wy dis, (106)
: o¢p 00
(G
oW, 0 cos¢ptanf —singtanf
—E<B 0 —sing —cos ¢ (107)
0¢ 0 cos¢sect —singsect
oW, 0 sin ¢ sec? @ cos ¢ sec? @
% = 0 0 0 : (108)
0 singtanfsech cos¢ptanfbsech

and the errors in the angles are as described in (28) and (30).

We continue by deriving the evolution equations of the quaternions from the gyroscopic
data. First, consider the basis vector B;. In the B coordinate frame, its coordinates are
(1,0,0)7, the coordinates of E; in the standard basis. In other words,

By =g I E:.
Since this is true for each vector, we have (by the properties of the rotation matrix) that

E; =313;B;, i=1,2,3. (109)
Taking the time derivative of (109) and realizing that the Earth frame never changes, we
have

0=pT:B; +31;B:. (110)
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But the body frame moves as a result of the angular velocities, so we have
B; =& x B;. (111)
Substituting (111) into (110), we have

BIEBZ +BIE(J} X Bz) = 0

) 0 —Ww3 w2
—Ww9 w1 0
T T
EIB - EIB Q
gl = Qplp (112)
T .
lpedy = € (113)

where in deriving (112) we have used the fact that the equation above must be true for all
B;. Here (Q is that matrix which, when multiplied by B;, always yields the cross product.

Note that since 2 is antisymmetric, (113) is really only three independent equations for
the four unknown components of ¢. (The fourth is provided by the derivative of (39).) We
note from (54)-(57) that

f13 + 1?31 = 4(¢1g3 + q143),

tis—t31 = 4(dog2 + qod2),

ti+1i33 = 4(qodo — q2d2),

tin —t33 = 4(q1d1 — q3d3).

from which we obtain

g3tz +i31) + qu(fin — f33) = 4d41(¢ + ), (114)
qo(t13 — t31) — qa(f1n +133) = 4do(qd + ), (115)
q1(f13 +t31) — qa(fin —t33) = 4ds(qt +¢3), (116)

where we have reduced down to three equations for reasons which will become clear later.
For simplicity, we work with (112), which becomes

75:11 f12 7%13 0 —ws wo i1 tiz i3

tor tap taz | = w3 0 —w to1 tog  to3

la1 t32 133 —w2 Wi 0 la1 t32 133
ti = —taws+ tawe, (117)
i3 = —togws + tz3wy, (118)
f31 = —tnwa + taw, (119)
f33 = —tizws + tozwr. (120)
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Substituting these results into (114), we have

A41(qf +a3) = gq3(—tiws + tarwr — tagws + tasws) + q1(—ta1ws + taiws + tisws — tagw)
wi(qator — qita3) + walgs(tss — ti1) + q1(ta1 + t13)] — wa(gates + qita1)
4(qt + ¢3)
wi1[290(q} + ¢3)] + w2[2g3(¢F — 43) + @1 (4q1g3)] — w3[—2q2(q7 + ¢3)]
4(qf + 43)
w1qo + wa2q3 — wW3q2

= : : (121)

G =

where we have used (40). Using the fact that (¢1,¢3) — (—g3,q1) in the left-hand sides of
(114) and (116), we see that (116) becomes

wi(qitar + qatas) + walqi(tzs — t11) — q3(ta1 + t13)] — wa(qitas — qator)
(i + 43)

wi[2q2(q7 + ¢3)] + w2241 (a7 — ¢3) — 43(49193)] — w3[~290(qF + 43)]
4(qf + ¢3)

g3 =

w1q2 — W2q1 + W3qo

= 122
: (122)
Finally, we substitute our results into (115), which yields
A4o(qd +a3) = qo(—tasws + tsgwa + t11ws — torwi) — ga(—tarws + tzwa — t1zwa + tazwr)

w1(—qot21 — qata3) + walqo(tss + t11) — qa(tar — t13)] + wa(—qotas + gator1)
A(qg + 43)
wi1[—2g3(g5 + 43)] + w2[2q0(g5 — ¢3) — g2(—49092)] + w3[21 (g3 + 43)]
(g5 + ¢3)

G2 =

—w1q3 + wa2qo + w3q1

= 5 (123)
With these equations in place, o can be derived from (39):
2q040 + 29191 + 2g242 + 2q3¢3 = 0
. o6+ GG
q = — (9141 + q242 + q3d3) . (124)

q0

The workshop concluded before we had time to derive an error analysis for this case.

9 Conclusions and Further Research

In this work, we have analyzed the relationship between GB, HB, and the position of a
sensor robot arm. We analyzed the relationship by interpreting the movement in terms
of transition matrices, Euler angles, quaternions, and rotations about an axis. We also
produced an error analysis of the dependent variables on the data.
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Since transition matrices and quaternions are simply made up of scalars, they were
found to vary smoothly with the data. On the other hand, once we introduced an angle
into the analysis, we immediately ran into several problems.

The first (and perhaps most important) conclusion is that when reviewing the literature
on Euler angles, it is critical to understand the “convention” (i.e., the axes and order of
rotation) used. This choice will affect the computation of all the parameters in the problem,
as well as the ranges of the angles.

In the Euler-angle formulation, an indeterminacy arises when |6| = 7/2. In that case
(which occurs when B; is aligned either straight up or straight down), only two rotations
are necessary, so only the difference between ¢ and ¢ is measurable. Moreover, in either
the Euler-angle or vector-angle descriptions, each angle becomes discontinuous in the data
as it nears the end of its range. In contrast, the transition matrices and quaternions (which
are based upon trigonometric functions of the angles) vary smoothly with the data.

In short: The rotation (as represented by q and T) is continuous in the data. The
man-made convention of choosing angle ranges for v, 8, ¢, and ® makes these variables
discontinuous in the data.

The immediate conclusion from this fact is that quaternions or the rotation matrix is
the best way to handle the data. Of the two, using the rotation matrix directly is probably
the fastest due to the simplicity with which one can calculate ; T from the data using (82).

Therefore, one marked improvement could be obtained by implementing an algorithm to
interpret the movement of the arm based upon 7" alone. Though TTAX could implement this
as a downstream solution, a major problem is that certain customers, in order to integrate
the sensor results into their own systems, require that the Euler angles be output.

We also analyzed the relationship between & and the movement of a sensor robot arm.
We analyzed the relationship by interpreting the movement in terms of derivatives of the
Euler angles and quaternions. (Interpretations in terms of transition matrices and rotations
about an axis, though beyond the scope of this manuscript, should follow naturally.)

We did complete an error analysis of the gyroscopic data in the Euler-angle formulation
and found (not surprisingly) that the variation of ((b, 0, w) with errors in & was arbitrarily
large as |#| — 7/2. We did not have enough time to complete an error analysis of q with
the data . Though our experience leads us to believe that the errors will be smooth, this
is a fruitful area for further research.

The measurement errors analyzed in this work vary with each signal, the frequency
of which is 60 Hz. In addition, there will also be calibration errors associated with these
measurements. We list them below, in addition with some strategies for addressing them:

1. Calibration errors in translating the actual data results from the sensor into G, H, and
@ in the sensor frame. One source of these errors is temperature variation. However,
these variations will occur on a much longer time scale. If the robot is working in an
environment with large temperature variations, periodic (twice-daily?) calibrations
may be appropriate, if the duration of such calibrations can be made acceptable to
consumers.

Another source of such calibration error may be due to vibrations or large forces
(accelerations) in the robot arm. However, this calibration is proprietary to TIAX,
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so we have no further information on the process.

2. Calibration errors in transforming the sensor frame to an orthogonal coordinate sys-
tem. Again, this calibration is proprietary, so it is unclear how much vibrations or
other accelerations may affect the orientations of the sensors. If there is little effect,
then again an occasional calibration should be appropriate.

3. Calibration errors in aligning the orthogonal sensor frame with the body frame. Since
we have no guarantee that (with errors as described in #2) the sensor frame will
always be transformed in to the same orthogonal frame, this is a separate issue that
must be considered. However, since this is just a rotation between two orthogonal
frames, the mathematical analysis should be quite similar to the sort described in this
report.

4. Calibration errors in aligning the Earth frame (as interpreted by the alignment soft-
ware) to the actual Earth coordinate system. Note that neither of these frames is
moving in relationship to one another. Thus, one should be able to eliminate such
errors by doing a simple displacement calculation, rather than working from an abso-
lute zero. Any drift that might occur (perhaps due to vibrations induced during the
robot’s work cycle) will occur on a very slow time scale. Again, a periodic calibration
may be necessary.

5. Errors associated with scaling |G| to have length g. These can be addressed directly
using techniques similar to those described in section 6; the group just ran out of time
before analyzing them.

Nomenclature

If the same letter appears both in bold and plain text, the variables in plain text are
components of the vector which appears in bold. The equation number where a particular
quantity first appears is listed, if appropriate.

B: unit vector describing orientation of body frame.
E: unit vector describing orientation of earth frame.
E: intermediate rotation matrix (4).

e: standard basis vector (88).

G: vector of accelerometer measurements.

g: acceleration of gravity (10).

H: vector of magnetometer measurements.

i: indexing variable.
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7 indexing variable.

q: quaternion vector (38).

gy transition matrix for coordinates from body frame to earth frame (1).
t: element of , T}, (12).

v: unit vector corresponding to axis of rotation.

GV transition matrix for angular velocities from Earth frame to body frame (103).
x: dummy variable.

y: dummy variable (25),(26).

z: intermediate vector, variously defined (94).

Z: the integers.

d;5: Kronecker delta function (72).

e: small parameter, variously defined (45).

6: pitch angle of rotation about BY.

®: combined angle of rotation.

¢: roll angle of rotation about Bj.

¥: heading (yaw) angle of rotation about BY.

Q: matrix representing Wx (112).

&z vector of gyroscope measurements (98).

Other Notation

B: as a superscript, used to indicate the body frame.
E: as a superscript, used to indicate the earth frame.

n € Z: as a subscript, used to indicate a direction in a reference frame or as an index for a
dummy variable (25).

p: as a subscript on HB, used to indicate a projection (76).
1: as a subscript, used to denote orthogonality (84).
¢: as a subscript on E, used to refer to the ¢ rotation (4).

1 as a subscript on E, used to refer to the v rotation (6).
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0: as a subscript on E, used to refer to the v rotation (5).
: used to indicate differentiation with respect to ¢.

“: used to indicate a unit vector (75).

'+ used to indicate first intermediate frame.

: used to indicate second intermediate frame.
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