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Fourier series of f(x) on −L ≤ x ≤ L:

f(x) = a0 +
∞∑

n=1

(
an cos

(
nπx

L

)
+ bn sin

(
nπx

L

))

where

a0 =
1

2L

∫ L

−L
f(x) dx, an =

1
L

∫ L

−L
f(x) cos

(
nπx

L

)
dx, bn =

1
L

∫ L

−L
f(x) sin

(
nπx

L

)
dx

Fourier sine series of f(x) on 0 ≤ x ≤ L:

f(x) =
∞∑

n=1

bn sin
(

nπx

L

)

where

bn =
2
L

∫ L

0
f(x) sin

(
nπx

L

)
dx

Fourier cosine series of f(x) on 0 ≤ x ≤ L:

f(x) = a0 +
∞∑

n=1

an cos
(

nπx

L

)

where

a0 =
1
L

∫ L

0
f(x) dx, an =

2
L

∫ L

0
f(x) cos

(
nπx

L

)
dx

Sturm-Liouville problem:(
p(x)φ′

)′ + q(x)φ + λσ(x)φ = 0, a < x < b

λ =
−pφφ′|ba +

∫ b
a (pφ′2 − qφ2) dx∫ b

a σφ2 dx∫ b

a
[uL(v)− vL(u)] dx = p

(
uv′ − vu′

)∣∣b
a

Helmholtz problem:
∇2φ + λφ = 0, x ∈ R

λ =
−
∫
∂R φ∇φ · n dS +

∫
R |∇φ|2 dV∫

R φ2 dV∫
R

(
u∇2v − v∇2u

)
dV =

∫
∂R

(u∇v − v∇u) · n dS



Cylindrical problems:

∇2u =
1
r

∂

∂r

(
r
∂u

∂r

)
+

1
r2

∂2u

∂θ2
+

∂2u

∂z2

r2φ′′ + rφ′ + (λr2 −m2)φ = 0

r2f ′′ + rf ′ − (αr2 + m2)f = 0

Spherical problems

∇2u =
1
ρ2

∂

∂ρ

(
ρ2 ∂u

∂ρ

)
+

1
ρ2 sinφ

∂

∂φ

(
sinφ

∂u

∂φ

)
+

1
ρ2 sin2 φ

∂2u

∂θ2

[(
1− x2

)
g′
]′

+ n(n + 1)g = 0, x = cos φ(
ρ2R′

)′
+
(
λρ2 − n(n + 1)

)
R = 0

Green’s functions

G(x, ξ) =

{ 1
cu1(x)u2(ξ) x < ξ

1
cu1(ξ)u2(x) x > ξ

Lui =
(
p(x)u′i

)′ + q(x)ui = 0

G(x, ξ) = −
∑
λ

(
φλ(x)φλ(ξ)

λNλ

)
, ∇2φλ + λφλ = 0

G(x, ξ) =
1
2π

ln |x− ξ|

Fourier Transforms

Fu =
1
2π

∫ ∞

−∞
u(x)eiωx dx = û(ω), F−1û =

∫ ∞

−∞
û(ω)e−iωx dω = u(x)

F
(

dnu

dxn

)
= (−iω)nFu, F−1

(
e−αω2

)
=
√

π

α
e−x2/4α

F−1
(
f̂(ω)ĝ(ω)

)
=
∫ ∞

−∞
f(ξ)g(x− ξ) dξ =

∫ ∞

−∞
f(x− ξ)g(ξ) dξ

Fourier Sine and Cosine Transforms

Su =
2
π

∫ ∞

0
u(x) sinωx dx = û(ω), S−1û =

∫ ∞

0
û(ω) sinωx dω = u(x)

Cu =
2
π

∫ ∞

0
u(x) cos ωx dx = û(ω), C−1û =

∫ ∞

0
û(ω) cos ωx dω = u(x)

Suxx =
2ω

π
u(0)− ω2Su, Cuxx = − 2

π
ux(0)− ω2Cu


