Differential forms

1xterior differential forms arise when concepts such as the work of a field
.long a path and the flux of a fluid through a surface are generalized to higher
Jimensions.

Hamiltonian mechanics cannot be understood without differential forms.
I'he information we need about differential forms involves exterior multi-
plication, exterior differentiation, integration, and Stokes’ formula.

32 Exterior forms

lere we define exterior algebraic forms

A Il-forms

Let R" be an n-dimensional real vector space.>? We will denote vectors in this
space by &, 1, ....

Definition. A form of degree 1 (or a 1-form) is a linear function w: R" — R,ie,
(1,8 + A,82) = Ao(€y) + A o(82), Ay, A eRand §;, 8, €R"
We recall the basic facts about 1-forms from linear algebra. The set of all

{-forms becomes a real vector space if we define the sum of two forms by

(wy + ;) () = w,(8) + w,(8),

and scalar multiplication by
(o)(®) = A(®).

52 [ is essential to note that we do not fix any special euclidean structure on R In some examples
we use such a structure; in these cases this will be specifically stated (“euclidean R").
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7: Differential forms

The space of 1-forms on R is jtself n-dimensional, and is also called the dual
space (R")*,

Suppose that we have chosen a linear coordinate system x;, .. ., x, on R".
Each coordinate x, is itself a 1-form. These n I-forms are linearly independent.
Therefore, every 1-form  has the form

D= xy + e+ ayx,, a;eR.
The value of w on a vector & is equal to
@) = aix;(8) + -+ + a,x,),
where x,(E), ..., x,(&) are the components of § in the chosen coordinate

system.

EXAMPLE. If a uniform force field F is given on euclidean R, its work A on the displacement &
is a I-form acting on & (Figure 135).

F (force)

wE =(F,p

E (displacement)

Figure 135 The work of a force is a 1-form acting on the displacement.

B 2-forms

Definition. An exterior form of degree 2 (or a 2-form) is a function on pairs of
vectors w?: R" x R" - R, which is bilinear and skew symmetric:

o* (A& + 4:8;,83) = A0, &) + lzwz(gz, £s)
(Uz(gn §) = "wz(gz, €
Vi, A, eR ELE,,E e R",
ExampLE 1. Let S(E,, &,) be the oriented area of the parallelogram constructed on the vectors
&1 and &, of the oriented euclidean plane R?, ie,

N STRRAT
5E,. &) = & Cnn

21 2

» where§, =&, e, + $1262, 8 = &y,0, + &0,

with e,, e, a basis giving the orientation on R2,
It is easy to see that S(&y, &,) is a 2-form (F igure 136).

ExaMmpLE 2. Let v be a uniform velocity vector field for a fluid in three-dimensional oriented
euclidean space (Figure 137). Then the flux of the fluid over the area of the parallelogram
1» &2 is a bilinear skew symmetric function of &, and &,, i.e., a 2-form defined by the triple scalar

product

W(E &) = ™8, 8,).
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Figure 137 Flux of a fluid through a surface is a 2-form.
1:xAMPLE 3. The oriented area of the projection of the paratielogram with sides &, and §, on
4i{c X, Xp-plane in euclidean R? is a 2-form.
ProBLEM 1. Show that for every 2-form o on R" we have
W& &) = 0, vE e R

Solution. By skew symmetry. (€. &) = —w*(E. §).

The set of all 2-forms on R* becomes a real vector space if we define the
addition of forms by the formula

(01 + @)E, &) = 0,81, &) + 0384, &2)

and multiplication by scalars by the formula

(Aw)Ey, &2) = dw(E,, &),

PRrOBLEM 2. Show that this space is finite-dimensional, and find its dimension.
ANswer. #{n — 1)/2; a basis is shown below.
C k-forms

Definition. An exterior form of degree k, or a k-form, is a function of k vectors
which is k-linear and antisymmetric:

w(llgll + A’Zé’;» gZ’ LR} gk) = Alw(g'b él’ e gk) + AZw(glllv €2s (R gl\)
w(E.u‘n R gik) = (__1)\‘(0(%“ .. "gk)a
where

0 if the permutation iy, ..., i is even;
T ifthe permutation iy, ..., i is odd.
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7: Differential forms

£,

&
Figure 138  Oriented volume is 4 3-form.

ExameLe 1. The oriented volume of the parallelepiped with cdges &,
space R” is an n-form (Figure 138).

ittt Ky

=l T ey

where & = & e, 4 ... + Siwe,ande,. .. .. e, are a basis of R”.

EXaMPLE 2. Let R* be an oriented k-plane in n
k-dimensional oriented volume of the
& € R"onto R* is u k-form on R".

~dimensional euclidean spacc B Then the
projection of the parallelepiped with edges &1, &,

The set of all k-forms in R" form a real vector space if we introduce
operations of addition

(@) + w,)(€) = 0, (8) + w, (&), §={,..., &, £ eR,
and multiplication by scalars

(A )E) = AwxE).

PROBLEM 3. Show that this veetor space is finite

-dimensional and find its dimension,
ANSWER. (1): a basis is shown below.

D The exterior product of two I-forms

We now introduce one more operation: exterior multiplication of forms,
If w*is a k-form and &' is an I-form on R", then their exterior product w* A o
will be a k + I-form. We first define the exterior product of {-forms, which
associates to every pair of I1-forms o 1 @z on R" a 2-form w; A w, on R".
Let & be a vector in R". Given two 1-forms w; and w,, we can define a
mapping of R" to the plane R x R by associating to & & R” the vector ()

with components ®(§) and w,(E) in the plane with coordinates Wy, Wy
(Figure 139).

Definition. The value of the exterior product w, A W, on the pair of vectors
€:.&, € R"is the oriented area of the image of the parallelogram with sides
w(&,) and w(&,) on the Wy, w,-plane:

(0, A @3 )€, 8,) =

w (&) (’)2(€1);
(&) wy(E,) |
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wik))

-l

Figure 139  Definition of the exterior product of two 1-forms

" i . .
PconieM 4. Show that iy, A e, really is a 2-form

proktam 5. Show that the mapping

(g, 022) = 0y A iy

- bilinear and skew symmetric:
My Ay = =y Ay,
(Keoy + Ay Aoy = Xy A ey + Vop a o
1 2

Hint. The determinant 1s bilincar and skew-symmetric not (Hlly with respect to rows, but
i Y

also with respect to columns.

i inates " i.e., we
Now suppose we have chosen a system of hwn:avl; ic};)g;ﬁl?;;:; g)ﬂr rﬂnks, po
i ey Xpe
e lpdepfggsgfs tff ct)lrx?lizi;;; forms'l are the 2-forms x; A X By §kew}
o =0and x; A Xx; = —X; A X;. The geometric meaning ol
ot o J:; ;ry simpl;: its value on the pair of vectors §,, &, is (f_qz?e
o fOYm‘X.' Adxjrea of the image of the parallelogram &, &, c.m.the coordfn e
101 th: Oilenze ui)der the projection parallel to the remaining coordina
plane x;, x;

directions.

Show that the {3) = nin — 2 for are lnear dependent.
el c(3) HY U/— msx; A X; (i <f)a linea ly mdep
PROBLEM 6.

i i z the area
In particular, in three-dimensional euclidean space (x‘,’ xz,x x)s);)]ane ea
of thepprojection on the (x,, xz)-plapg is x; A X3, 0n the {x;, x3
X3 A x3,and on the (x3, x;)-plane it is x3 A x;.

yBLEM 7. Show that every 2-form in the three-dimen Onat space Xy, N3) 180 € {orm
R 7. 8t St 1 pac (xy.

¥ [}
PROBLE S that ev t t d fthef

Pyy A Xy + Oxg A Ny + Ryp A xs.

167



7: Differential forms

PROBLEM 8. Show that every 2-form on the n-di

. mensional space with coordinates x '
can be uniquely represented in the form DI N

2
@ = ¥ a;x; A X
: i<j

Hint. Let e; be the i-th basis vector, ie.. x (e;) =1 i #J
2 S Lel xie) = 1 x(e) = ( 2 alue
he fom o ot et o e ; xje;) = O fori # j Look at the value of

a4 = w¥(e;, ).

E Exterior monomials

Suppose that we are given k 1-forms @y, ..., wy. We define their exterior
product w; A -+ A w,. -

Definition. Set

wi (&) --- wi(§y)
((’)l /\"'/\(Uk)(gls"‘#gk)z : :

&) - W (&)
In other words, the value of a product of 1-forms on the parallelepiped

;1’ ey §,¢.is equal to Fhe oriented volume of the image of the parallelepiped
in the oriented euclidean coordinate space R* under the mapping § —

(@,8), ..., w(&)).

PROBLEM 9. Show that Wy A Ay is a k-form,

ProBLEM 10, Show that the operation of exterior product of 1

: ! -forms gives : i-h
symmetric mapping gives a multi-linear skew-

W .. o) s o AL A (O
In other words,
Aoy + V0D Aw, A A =Xy Awy Ay + K@y Ay A Ay
and
Wy A Ay = (=w A A Wy,

where

e {0 if the permutation i, .. ., i, is even,

t if the permutation i,, .. .. iy is odd.

Now consi.der a coordinate system on R” given by the basic forms x,, . ..
x,. The exterior product of k basic forms T

Xiy Aor A Xy, 1<i,<n,

is the oriented volume of the image of a k-parallelepiped on the k-plane

( igs v u‘) il
X » X Undel the p O’QCHOH palallel to the remaimn oordinate
g C d at
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prosLem 11, Show that, if two of the indices iy, . . ., i are the same, then theform x;, A -+ A X,
1S ZCT0.
PrOBLEM 12. Show that the forms

X, A AX,, wherel i < <--<iish,

are linearly independent.
The number of such forms is clearly (). We will call them basic k-forms.
PROBLEM 13. Show that every k-form on R" can be uniquely represented as a linear combination

of basic forms:

" y
W = X Wi Xig N A Xy

15ip < <ixsa

,
o= oMe. e

Hint. a;,

It follows as a result of this problem that the dimension of the vector space
of k-forms on R" is equal to (8). In particular, for k = n, (}) = 1, from which
follows

Corollary. Every n-form on R” is either the oriented volume of a parallelepiped
with some choice of unit volume, or zero.

W' =a-x; A A Xy
ProBLEM 14, Show that every k-form on R” with k > »n is zero,

We now consider the product of a k-form o* and an I-form o'. First,
suppose that we are given two monomials

W=w, A A, and O =@y A A O,

where @y, ..., 0, are 1-forms. We define their product w* A @' to be the
monomial

(@ A A Ay A A @)
=0 A AW A Wy At A Wy

ProsLEM 135, Show that the product of monomials is associative:
(WA ey A o™ =of Ao A o™
and skew-commutative:
F Aot = (= DR A o
Hint. Tn order to move each of the I factors of ' forward, we necd k inversions with the

k factors of @*.

Remark. Tt is useful to remember that skew-commutativity means commutativity only if
one of the degrees k and [ is even. and anti-commutativity if both degrees k and / are odd.
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7: Differential forms

33 Exterior multiplication

We deﬁne. here' th; operation of exterior multiplication of forms and show that it is skew-
commutative, distributive, and associative.

A Definition of exterior multiplication

We now define the exterior multiplication of an arbitrary k-form w* by an

arbitrary l-form o', The result o* A o' will bea k + I-form. The operation of

multiplication turns out to be:

-~ R
:12. sl'cew. commutanvke‘ Wt A @ = (= 1! A oF;
H . '3
. dlsmput.lve. (,1‘:c01 + A0h) A @ =40k A @+ dy0k A o
3. associative: (w* A oY) A 0™ = ok A (@ A w™).

Definition. :I‘he exterior product w* A o' of a k-form w;‘ on R" with an
IHorm o' on R" is the k + I-form on R" whose value on the k + I vectors
él’ sy E.lka §k+l7 ey gk%-le R" iS Cqual to

(]) (wk A w’)(&lv"!ékﬂ) = Z (— l)vwk(éi”""éi,()wl(éj,!“-:éj,)’

wherei,<---<i,‘andj,<--~<j,'(i fesj i1 i
Uy By, .00 j)) 15 2 permutatio
of the numbers (1,2, ..., k + 1); and l g P "

- { 1 if this permutation is odd;
0 if this permutation is even.

In other words, every partition of the k + [ vectors & ..., &y into two
groups (of k and of I vectors) gives one term in our sum 1. Thi,s term is equal
to the product of the value of the k-form w* on the k vectors of the first group
with the value of the I-form o' on the ! vectors of the second group, with sign
+ or — 'depending on how the vectors are ordered in the groups. If they are
ordered in such a way that the k vectors of the first group and the I vectors of
the second group written in succession form an even permutation of the

vectors &,, E,.zz .5 &441, then we take the sign to be +, and if they form an
odd permutation we take the sign to be —.

ExamPLE. If k = | = 1, then there are just two partitions:
Therefore, . O partitions: &, &, and §,, &,.

(0 A 0,)§,, &) = (€ w;(§,;) - ©(§;)0(§),
which agrees with the definition of multiplication of I-forms in Section 32.

PRkOBLElvli 1. Show that the definition above actually defines a k + I-form (i.e., that the value of
(@ A )E,,..., &) depends linearly and skew-symmetrically on the vectors ).
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13 Properties of the exterior product

Fheorem. The exterior multiplication of forms defined above is skew-com-
mutative, distributive, and associative. For monomials it coincides with the
multiplication defined in Section 32.

The proof of skew-commutativity is based on the simplest properties of
cven and odd permutations (cf. the problem at the end of Section 32) and will
be left to the reader.

Distributivity follows from the fact that every term in (1) is linear with
respect to w* and ',

The proof of associativity requires a little more combinatorics. Since the
corresponding arguments are customarily carried out in algebra courses for
the proof of Laplace’s theorem on the expansion of a determinant by column
minors, we may use this theorem.®3

We begin with the following observation: if associativity is proved for the
terms of a sum, then it is also true for the sum, i.e.,

(@) A @) Ay = w:lr A (wy A w3)} implies
(0] A @) A w3 = of A{w; A wy)
(o) + o)) A w3} A w3 = (] + @) A (@, A w3).
For, by distributivity, which has already been proved, we have
(0 + @) A ©3) Ay = () A ®;3) A @3) + (] A wy) A ),
(@) + @) A (@ A @3) = (@) A (W A @3)) + (W] A (7 A w3)).
We already know from Section 32 (Problem 13) that every form on R is a
sum of monomials; therefore, it is enough to show associativity for multi-
plication of monomials.
Since we have not yet proved the equivalence of the definition in Section
32 of multiplication of k 1-forms with the general definition (1), we will

temporarily denote the multiplication of k 1-forms by the symbol X, so that
our monomials have the form

k

r=w, R ARw, and @' =wp, R R Oy

where wy, ..., w4, are 1-forms.

33 A direct proof of associativity (also containing a proof of Laplace's theorem) consists of
checking the signs in the identity

{* A W)y A 0™E,... ., Ervtam) = 2 £ WM G, B B0y B,

where iy < - <L jy < <uhy <<l h,) 18 a permutation of the numbers
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7: Differential forms

Lemma. The exterior product of two monomials is a monomial:
(0 X R ay) A (W R - R Wyt )
=Wy A AW A Wyy A A Wy

PrROOF. We calculate the values of the left and right sides on k + [ vectors

&1 -5 Eusy. The value of the left side, by formula (1), is equal to the sum of
the products

2t det o)l det o)l
1gigk k<igk+1
of the minors of the first k columns of the determinant of order k + ! and the
remaining minors. Laplace’s theorem on the expansion by minors of the
first k columns asserts exactly that this sum, with the same rule of sign choice
as in Definition (1), is equal to the determinant detjw,(&)]. O

It follows from the lemma that the operations & and A coincide: we get,
in turn,
Wy A Wy =Wy AWy,
Wy AWy Rwy=(0; A W) A0y = (0, A Wy) A w3,
WA A Ry =y A @) Awy) A A @)

The associativity of A -multiplication of monomials therefore follows from
the obvious associativity of X -multiplication of 1-forms. Thus, in view of the
observation made above, associativity is proved in the general case.

PrOBLEM 2. Show that the exterior square of a I-form, or. in general. of a form of odd order, is
equal to zero: * A w* = 0if k is odd.

Exampre 1. Consider a coordinate system p...., P Greeenn g, on R and the 2-form
ot =30 oA g
L Geometrically, this form signifies the sum of the oriented areas of the projection of a paral-

lelogram on the n two-dimensional coordinate planes (p,.q,)..... (Pu- 4a)- Later, we will see
that the 2-form «w? has a special meaning for hamiltonian mechanics. It can be shown that every
nondegenerate®® 2-form on R?" has the form w? in some coordinate system {(p,....,q,).1

ProBLEM 3. Find the exterior square of the 2-form w?.

ANSWER.

WA W= =2V p A p A g Ay,

i>j
ProBrEM 4. Find the exterior k-th power of w2,
ANSWER.

2 32 2 3
[CR T PN AW = kDY R N NN
M [FR
k

** A bilinear form w? is nondegenerate if V& # 0, In: (&, n) # 0. See Section 41B.
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In particular,

A A = kRIp A AP A A A g,

| —

n
is, up to a factor, the volume of a 2n-dimensional parallelepiped in R>".
ExampLE 2. Consider the oriented euclidean space R>. Every vector A € R? determines a |-form
wi. by wA(§) = (A, &) (scalar product) and a 2-form o} by
wiE,. &) = (A §,.&,)  (triple scalar product).

PROBLEM 5. Show that the maps A — m} and A — )} establish isomorphisms of the linear space

it of vectors A with the lingar spaces of 1-forms on R* and 2-forms on R®. If we choose an
orthonormal oriented coordinate system (x,, x,, x;) on R, then

) = Ayxy + Ayxy + Ayxg
and
Wi = A\X3 A X3+ Azxs A Xy + Ayxy A X,
Remark. Thus the isomorphisms do not depend on the choice of the orthonormal oriented
coordinate system (x,, x;. x,). But they do depend on the choice of the euclidean structure

on R, and the isomorphism A — w} also depends on the orientation (coming implicitly in the
definition of triple scalar product).

PrROBLEM 6. Show thal, under the isomorphisms established above, the exterior product of
1-forms becomes the vector product in R?, i.e., that
Wi A wf = nfy g forany A, Be R,

In this way the exterior product of I-forms can be considered as an extension of the vector
product in R to higher dimensions. However, in the n-dimensional case, the product is not a
vector in the same space: the space of 2-forms on R" is isomorphic to R” only for n = 3.

Prosiem 7. Show that, under the isomorphisms established above, the exterior product of a
I-form and a 2-form becomes the scalar product of vectors in R*:

wh A o= (A BXX, A X; A X5,

C Behavior under mappings

Let f:R™ — R" be a linear map, and o* an exterior k-form on R". Then
there is a k-form f*w* on R™, whose value on the k vectors &,, ..., &, ¢ R"
is equal to the value of @* on their images:

(f*NEy .., B = wk(fgx, s S8

ProsLEM R. Verify that /*of is an exterior form.

PROBLEM 9. Verify that /* is a linear operator from the space of k-forms on R” to the space of
k-forms on R™ (the star superscript means that /* acts in the opposite direction from /).

ProBLEM 10, Let f: R™ — R” and g: R — R”. Verify that (g f)* = f*« ¢g*.

ProsLem 1. Verify that f* preserves exterior multiplication: f*(o* A of) = (f*&*) A (f*w).

173



7: Differential forms

34 Differential forms

We give here the definition of differential forms on differentiable manifolds.

A Differential I-forms

The simplest example of a differential form is the differential of a function.
EX}AMPLE‘ Consider the function y = f(x) = x% Its differential df = 2x dx depends on the
point x agd on the “increment of the argument.” i.e., on the tangent vector § to the x axis. We
fix the point x. Then the differential of the function at x, df |, depends linearly on E. So. if x = 1|

ar?d the coordinate of the tangent vector & is equal lo 1, then df = 2. and if the coordinate of
§ is cqual to 10, then Jf = 20 (Figure 140),

dr

£

RY

Figure 140 Differential of a function

Let f:M — R be a differentiable function on the manifold M (we can

imagine a “function of many variables” f: R" - R). The differential 4f|
of fat x is a linear map )

dfxi TMx - R

of thg tangent space to M at x into the real line. We recall from Section 18F the
definition of this map:

Let £ € TM, be the velocity vector of the curve X(t):R - M; x(0
: R M; = X
and X(0) = &. Then, by definition, ©

d
48 = o O

}ikom_x;M 1. Let & be the velocity vector of the plune curve x(1) = cos 1. (1) = sin ¢ at 1 = 0,
Calculate the values of the differentials dx and dy of the functions x and v on the vector §
(Figure 141). A

ANSWER. dxli o8 = 0.dyly (&) = 1

Note that the differential of a function fat a point x e M is a 1-form df, on
the tangent space TM, . )
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X
Figure 141 Problem 1

The differential df of f on the manifold M is a smooth map of the tangent
bundle TM to the line

df: TM - R (TM=UTM,‘).
x
This map is differentiable and is linear on each tangent space TM, < TM.

Definition. A differential form of degree 1 (or a 1-form) on a manifold M is a
smooth map
o:TM - R

of the tangent bundle of M to the line, linear on each tangent space TM,.

One could say that a differential 1-form on M is an algebraic 1-form on
T M, which is “ differentiable with respect to x.”

ProsLem 2. Show that every differential 1-form on the line is the differential of some function.

ProsLem 3. Find differential {-forms on the circle and the plane which are not the differential
of any function.

B The general form of a differential I-form on R"

We take as our manifold M a vector space with coordinates xy, ..., X,-
Recall that the components 4, ..., &, of a tangent vector &€ TR} are the
values of the differentials dx,, ..., dx, on the vector & These n 1-forms on
TR are linearly independent. Thus the 1-forms dx,, . .., dx, form a basis for
the n-dimensional space of 1-forms on TR}, and every 1-form on TR; can
be uniquely written in the form a, dx, + - -- + a, dx,, where the g, are real
coefficients. Now let w be an arbitrary differential 1-form on R". At every
point x it can be expanded uniquely in the basisdx,, . .., dx,. From this we get:

Theorem. Every differential 1-form on the space R" with a given coordinate
system X1, .. ., X, can be written uniquely in the form
w = a(x)dx; + -+ + a(x)dx,,
where the coefficients a{x) are smooth functions.
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13 §3

0 -z 3 o
Figure 142 Problem 4

Prosuem 4. Caleulate the value of the forms s, = dxp oy = xdx;.andoy = dri(? = x7 + v
on the vectors §,, &,. and & ( Figure 142).

ANSWER.
& & &
| 0 —1 1
w0 -2 =2
w0 -8 0
PROBLEM 5, Let x,.. .., ) X, be functions on a manifold M forming a local coordinate system in

some region. Show that every I-form on this region can be uniquely written in the form
@ = alx)dx, + -+ + a,(x) dx,,. .

C Differential k-forms

Definition. 4 differential k-form o* Ix at a point X of a manifold M is an exterior
k+form on the tangent space TM, to M at x, i.e., a k-linear skew-symmetric
Junction of k vectors E, ... &, tangent to M at x.

If such a form w*|, is given at every point x of the manifold M and if it is
differentiable, then we say that we are given a k-form w* on the manifold M.

PRrOBLEM 6. Put a natural differentiable manifold structure on the set whose elements are k-tuples
of vectors tangent to M at some point x.

A differential k-form is a smooth map from the manifold of Problem 6 to
the line.

PrOBLEM 7. Show that the k-forms on M form 4 vector spuce (infinite-dimensional if k does not
exceed the dimension of M),

Differential forms can be multiplied by functions as well as by numbers.
Therefore, the set of C* differential k-forms has a natural structure as a
module over the ring of infinitely differentiable real functions on M.
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1) The general form of a differential k-form on R"

I'ake as the manifold M the vector space R" with fixed coordinate functions

X, x,: R" — R. Fix a point x. We saw above that the n 1-forms dx,, ...,
yeees X! n

dx, form a basis of the space of 1-forms on the tangent space TR;.
Consider exterior products of the basic forms:

dx, A e Adxg, iy < e < .
In Section 32 we saw that these (}) k-forms form a basis of the space of exterior

k-forms on TR?. Therefore, every exterior k-form on TR} can be written
uniquely in the form

Z [, dxi, Ao A dx,-k.

iy < <y

Now let w be an arbitrary differential k-form on R". At every point x it
can be uniquely expressed in terms of the basis above. From this follows:

Theorem. Every differential k-form on the space R" with a given coordinate
system X, . .., x, can be written uniquely in the form

ot = Z a,, L nXdx, A A dxg,,
iy < <y

where the a;,, ., (X) are smooth functions on R".

ProBLEM 8. Calculate the value of the forms w, = dx, A dx;. 0, = x4 d.\:, Adxy = xydxy A
dx,,and wy = rdr A do (where x, = rcos ¢ and x, = rsin @) on the pairs of vectors (§,.n,).
(&:.m;). and ;. n,) (Figure 143).

ANSWER,
En) o Ezona) Esoma)

ay t 1 -1

;3 2 i -3
(78 1 1 -1
X2
’ A
1
£ o
2 jety m
A
12
1 §
)
Xy
1] P

Figure 143 Problem 8
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Prosiem 9. Calculate the value of the forms = dx; A dxy, 0 = x,dxy A dx,, and
W3 =dx; A dr® (F = x} + x} + x2), on the pair of vectors & = (1. 1, 1), y = (1, 2, 3) at the
point x = (2,0, 0).

ANSWER, 0y = 1, 0, = ~2, Wy = —8.

PROBLEM 10. Let x,. ..., x,: M — R be functions on a manifold which form a local coordinutc
system on some region. Show that every differential form on this region can be written uniquely in
the form

k= Z i LX) Ny A A dxg,.
RSN

ExampLe. Change of variables in a form. Suppose that we are given two
coordinate systems on R*: x,, x,, x3and y;, y,, y3. Let w be a 2-form on R?,
Then, by the theorem above,  can be written in the system of x-coordinates
s w =X dx; Adxs+ Xydx; A dx; + X;3dx; A dx,, where X X,
and X ; are functions of x;, x,, and X3, and in the system of y-coordinates as
o =Yy dy, ndyy + Y,dy; A dy, + Ysdy, A dy,, where Y,, Y,, and Y;
are functions of y,, y,, and y,.

PROBLEM 1. Given the form written in the x-coordinates (i.c., the X} and the change of variables
formulas x = x(y), write the form in y-coordinates, i.e.. find Y.
Solution. We have dx; = (@x,/ey,) dyv, + (@x/dy,) dy, + (x;/Cy3) dy. Therefore,

2

x,y (x,y x4 Ox; &
dxz A dx =(~—~dv +omdyy + 2dvy ) A [y, +
2 3 ay, N s Y2 y, s . ay,

ox x
=2 dyy + 22 dy,),
v, dys

from which we get

D(x;, x3)

x Dz x)
Dy y2)

D(yy, v2)

Disy )
D(yy, v)

=X,

2 3 , tte,

E Appendix. Differential Jorms in three-dimensional spaces

Let M be a three-dimensional oriented riemannian manifold (in all future
examples M will be euclidean three-space R?). Let x,, X3, and x; be local
coordinates, and let the square of the length element have the Jorm

ds* = Ey dx? + E, dx} + E, dx?

(i.e., the coordinate system is triply orthogonal).

ProBLEM 12, Find E,, E,, and E 3 for cartesian coordinates x, ¥, 2, for cylindrical coordinates
*, 9, £ and for spherical coordinates R, @, 0 in the euclidean space R® (Figure 144).

ANSWER,

ds? = dx? + dy? 4 d2% = dr? 4 42 d9? + d=* = dR* + R2cos? 0 dp? + R* do°.

Welet e, e,, and e, denote the unit vectors in the coordinate directions.
These three vectors form a basis of the tangent space.
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Figure 144 Problem 12

e;.
ProBLEM 13, Find the values of the forms dx,. dx,, and dx; on the vectors ,, €,, and e,

ANSWER. dx{e) =1 /\/E,-. the rest are zero. In particular, for cartesian coordinates dx(%) =

dife,) = dz(e.) = 1. for cylindrical coordinates dr(e,) = dz(e,) = | and dele,) = 1/r (Figure
ey 2 ‘v

145), for spherical coordinates dR(eg) = 1, dole,) = 1/R cos U and di(e,) = 1/R.

The metric and orientation on the manifold M furnisl} the tangent space
10 M at every point with the structure of an oriented euclidean three-dimen-
sional space. In terms of this structure, we can talk about scalar, vector, and

triple scalar products.
ProBLEm 14, Calculate {e,, €,], (ex, €,). and (e., e,, e,).
ANSWER. €3, 0, 1.

In an oriented euclidean three-space every vector A corresponds to a
I-form w} and a 2-form w?, defined by the conditions

wi®) = (A8 oiEm=AEn EneR

The correspondence between vector fields anFi forms does not depepd on
the system of coordinates, but only on the eucllde.an structure and orienta-
tion. Therefore, every vector field A on our manifold 12\4 corresponds to a
differential 1-form w} on M and a differential 2-form w} on M.

Figure 145 Problem 13
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. Thf: formulas fon: changing from fields to forms and back have a different
orm in ?ach coordinate system. Suppose that in the coordinates x;, x,, and
x3 described above, the vector field has the form ,

A= Ade + Aye, + Aje,

(the components 4; are smooth functions on M). The corresponding 1-form

A
(& deCOIHPOSCS over thC baSIS dx ’ d“d the corres Olldlll 2 orm over the
N i P 4 f

PROBLEM 15 Given the com onents o € Vi T ile -
. ts of the vector field A, find the decom 0sttions of the {-fory
) ) p d d postt f the 1-f

Solution. We/mhave wile,) = (A, e,) = A Also, (¢ dx, + a, dxy + a3 dxy)(e;) =
ay dx,(e,) = a,//E,. From this we get that q, = A,\/E—,, 50 that

wh = A,\/E‘ dx, + AZV/’E—I dxy + Ay /E;ydx,.

In the same way, we have wile,, e;) = (A, €. e;3) = A4,. Also,

(@ dxy Adxy + oy dx; A dxy + aydx; A dx,)e,. e;) = oy —-l—-—

VE:E,
Hence, o, = A“/E[:T,,, ie.,
. S
R = AWEEydey ndxs + AnJESE, dxy A dx, + A, E\E, dx, A dx,.
In particular, in cartesian, cylindrical, and spherical coordinates on R? the vector field
A= A.e + Aje, + A= 4,e, + Ayse, + A.e. = Agey + Ay, + 4,8,
corresponds to the 1-form

-
s = Adx + Aydy + A d: = A dr + rA,dop + A.d: = AR dR + R cos 04, do + RAyd8

and the 2-form

Wi = A.dy Adz + A, de Adx + A dx A dy
=rA,dp Andz + Adz: Adr+rA. dr A de
= R? cos 0Ag do A dO + RAydO A dR + Rcos 04, dR A dg.

An example of a vector field on a manifold M is the gradient of a function

JiM - R. Recall that the gradient of a function i
I tion is th
corresponding to the differential: ° ostor D gradf

Wgnay = df. i, dfE)=(@radfE) Ve

PR(;B!IJEN? 16. Find the components of the gradient of a function in the basis €., €;.
Solution. We have df = (dfjéx Ddxy + (afjox,) dx, + (6f/éx3) dx;. By the p.rol;lem above

af 1 o [

. 1
gradf = e e ey Y
\/I:T,('Xx VE; 6x; : \/E35-"3e3.
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1 particular, in cartesian, cylindrical, and spherical coordinates

N A S SR | o
radf= e + —€, + € = _ 4=, + e
grad / x &yt e T rde 8
of vy Léf

il e ey,
R Reosbag TR

35 Integration of differential forms

We define here the concepts of a chain, the boundary of a chain, and the integration of a form

over a chain,
The integral of a differential form is a higher-dimensional generalization of such ideas as the

flux of a fluid across a surface or the work of a force along a path.

A The integral of a I-form along a path
We begin by integrating a I-form ®' on a manifold M. Let
y:[f0<t<i]l-M

be a smooth map (the “path of integration™). The integral of the form
! on the path v is defined as a limit of Riemann sums. Every Riemann sum
consists of the values of the form w! on some tangent vectors &, (Figure 146):

n

J.w’ = lim Y o).
bl A-Qi=1

The tangent vectors §; are constructed in the following way. The interval

0 <t < lisdivided into parts A;:t; < t < t;,, by the points 1;. The interval

A, can be looked at as a tangent vector A; to the ¢ axis at the point ¢;. Its

image in the tangent space to M at the point y(t;) is

é.‘ = dylr.-(Ai) € TMY(‘;‘)'

The sum has a limit as the largest of the intervals A, tends to zero. It is
called the integral of the I-form w! along the path .

The definition of the integral of a k-form along a k-dimensional surface
follows an analogous pattern. The surface of integration is partitioned into

7/
8

| N s o |

i

Figure 146 Integrating a I-form along a path
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Figure 147 Integrating a 2-form over a surface

small curvilinear k-dimensional parallelepipeds (Figure 147); these paral-
lelepipeds are replaced by parallelepipeds in the tangent space. The sum of the
values of the form on the parallelepipeds in the tangent space approaches
the integral as the partition is refined. We will first consider a particular case.

B The integral of a k-form on oriented euclidean space R*

Let xy, ..., x, be an oriented coordinate system on R¥ Then every k-form
on R* is proportional to the form dx; A -+- A dx,, ie., it has the form
o = @(x)dx, A - A dx,, where ¢(x) is a smooth function.

Let D be a bounded convex polyhedron in R* (Figure 148). By definition,
the integral of the form w* on D is the integral of the function ¢:

fwk = ffp(x)dx;, e dxy,
D D

where the integral on the right is understood to be the usual limit of Riemann
sums,

Such a definition follows the pattern outlined above, since in this case the
tangent space to the manifold is identified with the manifold.

PrROBLEM 1. Show that {p «* depends linearly on .

PRrOBLEM 2. Show that if we divide D into two distinct polyhedra D, and D,, then

f wt = J. ot + f wk,
b b B:

In the general case (a k-form on an n-dimensional space) it is not so easy

to identify the elements of the partition with tangent parallelepipeds: we will
consider this case below.

Figure 148 Integrating a k-form in k-dimensional space

35: Integration of differential forms

(' The behavior of differential forms under maps

i i h manifold M to a smooth
l.ct f: M — N be a differentiable map of a smoot .
lw:ari{fold N, and let w be a differential k-form on N (Figure 1}9). f;l‘he(;x,b a
well-defined k-form arises also on M it is denoted by f*w and is defined by

the relation
(f*o)Es, ..., B) = o(fiubi - fu8)

for any tangent vectors &,, ..., & € TM,. Here f, is the differential Of&fhiz
map f. In other words, the value of the form f*w on the vectors ..., &
cqual to the value of w on the images of these vectors.

N
r w
[*w

Figure 149 A form on N induces a form on M.

R

M

g 2 2, — o
ExaMpLe. If v = f{x,. x;) = x} + x} and » = dy, then

[*w = 2x, dx; + 2xadx;.

PrOBLEM 3. Show that f*w is a k-form on M.

ProsLEM 4. Show that the map [ * preserves operations on forms:
SHA o+ Aymg) = A, X)) + A, [Hw))

T¥ewy A wy) = (f*o) A (fF0,)
PROBLEM §. Let g: L — M be a differentiable map. Show that (fg)* = g*/*.

ProBLEM 6. Let D, and D, be two compact, convex polyhedra in t}}e oriented Ak-dirr}cnsional
5 ace‘IR‘ and f: D, - D, a differentiable map which is an orientation-prescrving dll‘feomgr-
prl)lism55 of the interior ol:D, onto the interior of D,. Then. for any differential k-form w* on D,

‘[ f*o* = '[ [T
b D:

Hint. This is the change of variables theorem for a multiple integral:

J' Ay
g

D

30 o, - dx, = f PGy, - e
5 N

<Ny [}

8% e.. one-to-one with a differentiable inverse.



7: Differential forms

D Integration of a k-form on an n-dimensional manifold
Let w be a differential k-form on ann
bounded convex k-dimensional pol
space B* (Figure 150). The role of

-dirnensiqnal manifold M. Let D be a
yhedrqn in k-dimensional euclidean
path of integration” will be played by a

M

Figure 150 Singular k-dimensional polyhe;iron

k-dimensional ce]] %

b o of M represented by a triple ¢ =

(D, £, 0r) consisting

1l a convex polyhedron D = R¥,
2. a dlﬁl_zrentiable map f:D - M, and
3. an orientation on R¥, denoted by Or.

Definition. The inte
. gral of the k-form w over the k-dj i i
integral of the corresponding form over the po]yl(mi;g]reonrf lgnal eelloisthe

J;cozfof*w.

P .
ROBLEM 7. Show that the integral depends linearly on the form:

J;l,a)l + A0, = A, fw, + Ay fwz,

The k-dimensional celi which

Th difi .
ton is called the e s ifers from o only by the choice of orienta-

d is denoted by ~g or ~1 .4 (Figure 151).

JONYAN

Figure 151 Problem 8

ProBLEM 8. Sh
ow that, under a change of orientation, the integral changes sign:
[on-fa

56 ;
Thecell 5 is usually called a singular k-dimensional polyhedron.

184

35: Integration of differential forms

2 Chains

‘The set f(D) is not necessarily a smooth submanifold of M. It could have
“self-intersections” or “folds” and could even be reduced to a point. How-
ever, even in the one-dimensional case, it is clear that it is inconvenient to
restrict ourselves to contours of integration consisting of one piece: it is
useful to be able to consider contours consisting of several pieces which can
be traversed in either direction, perhaps more than once. The analogous
concept in higher dimensions is called a chain.

Definition. A chain of dimension k on a manifold M consists of a finite collection
of k-dimensional oriented cells o,, ..., 6, in M and integers m,, ..., m,,
called multiplicities (the multiplicities can be positive, negative, or zero).
A chain is denoted by

= mo, + -+ mo,.

We introduce the natural identifications
m,6 + myo = (my; + my)o
MGy + M0, = My0, + Mo, 06 =0 e+ 0= c,.

ProBLEM 9. Show that the set of all k-chains on M forms a commutative group if we define the
addition of chains by the formula

MGy e M)+ GG, e L) = etk e, i)
. : " O 1 (A} (]

F Example: the boundary of a polyhedron

Let D be a convex oriented k-dimensional polyhedron in k-dimensional
euclidean space R*. The boundary of D is the (k — 1)-chain 8D on R* defined
in the following way (Figure 152).

The cells o; of the chain 8D are the (k — 1)-dimensional faces D; of the
polyhedron D, together with maps f;: D; — R* embedding the faces in R¥and
orientations Or; defined below; the multiplicities are equal to 1:

oD = Z [ o; = (D, fi, Ory).

Rule of orientation of the boundary. Let e, ..., €, be an oriented frame in
R*. Let D, be one of the faces of D. We choose an interior point of D; and there

Figure 152 Oriented boundary
185
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construct a vector m outwardly normal to the polyhedron D. An orienting
frame for the face D, will be a frame fi, ..., fi_, on D, such that the frame
(m, f,,...,f,_,)isoriented correctly (i.e., the same way as the frame €, ...,€)

The boundary of a chain is defined in an analogous way. Let o = (D, £, Or)
be a k-dimensional cell in the manifold M. Its boundary 8o is the (k — 1)
chain: do = ¥ g, consisting of the cells o, = (D;, f, Or)), where the D; are
the (k — 1)-dimensional faces of D, Or, are orientations chosen by the rule
above, and f; are the restrictions of the mapping f: D — M to the face D;.

The boundary dc, of the k-dimensional chain ¢ in M is the sum of the
boundaries of the cells of ¢ with multiplicities (Figure 153):

Oc, = 0(myo, + -+ + m.g,) = my o, + - 4+ m, do,.
Obviously, dc, is a (k ~ 1)-chain on M.57

o dc;

i~

2
2

Figure 153 Boundary of a chain

PRrOBLEM 10, Show that the boundary of the boundary of any chain is zero: 8dc, = 0,

Hint. By the linearity of 3 it is enough to show that 99D = 0 for a convex polyhedron D. It
remains to verify that every (k — 2)-dimensional face of D appears in 90D twice, with opposite
signs. It is enough to prove this for k = 2 (planar cross-sections),

G The integral of a Jorm over a chain

Let o* be a k-form on M, and ¢, a k-chain on M, ¢, = Z m;6;. The integral
of the form &* over the chain ¢, is the sum of the integrals on the cells, counting

multiplicities:
f ot =3 m f ¥,
Ck o
PRrOBLEM 11. Show that the integral depends linearly on the form:

f‘“’l‘ +w§=f(u’,‘ +f(u§.
x [ o

PROBLEM 12. Show that integration of a fixed form w* on chains ¢y defines a homomorphism from
the group of chains to the line.

37 We are taking k > 1 here, One-dimensional chains are included in the general scheme if we
make the following definitions: a zero-dimensional chain consists of a collection of points with
multiplicities; the boundary of an oriented interval ABis B — 4 (the point B with multiplicity 1
and A with multiplicity — 1); the boundary of a point is empty.
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in consisti 1l

1:xAMPLE 1. Let M be the plane {(p. ¢)}. w' the form pdy, and ¢, the chain consisting of one cell o

XAl .
with multiplicity 1:

[0$l$2n]l>(p=cosl,q = sin t).
aregi i 4), then

Ihen ., pdq = n.1n general,ifachainc, represents the boundary of a region G (Figure 154)

hen §, =7 )

q u € i - i \d er the p’dil of vectors
) ])d is equal to the area of G with s gn + or dependmg on whether th I r
outwar Ol’l €. u: lly V’ € site oriente s the pair
f”ut a‘d normal, oriented bounda ector) has the same or opposite orientation a b

y

(p axis, g axis).

75 HATLIIY,

»

L h
Figure 154 The integral of the form p dg over the boundary of a region is equal to the
area of the region.

P2 -4 very l-form on
ExaMmPLE 2. Let M be the oriented three-dimensional euclidean space R, Then eve y 1

PLE 2. 2T f

M COl!eSPOUdS to some vector field A (' = wy). where

wA®) = (A, B).

; i irculati feld A
The integral of w} on a chain ¢, representing a curve [ is called the circulation of the fie

over the curve I

J' o) = _[ (A, di).

i = (A, & W)
Every 2-form on M also corresponds to some field A ng = wﬁ., where w}(é, q; - §a" :_,d t:’)1)e
The ?megral of the form w} on a chain ¢, representing an oriented surface

flux of the field A through the surface S:

f w} = L(A, dn).

€

2 -2
= face of the sphere x* + )? + =
ind the flux of the field A = (1/R*)ey over the sur
fk(:}i}::ttstylr t';ed vectors e,, e, at the point z = 1. Find the flux of the same field over the surface
* o Xy vy

of the ellipsoid (x*/a?) + (33/b%) + z* = | oriented the same way.
Hint. Cf. Section 36H.

i " : v v (o)}, We are
PROBLEM 14. Suppose that, in the 2n-dimensional space R* = {{(py.. .-, Pal G151 4}

R ) >  Find
given a 2-chain ¢, representing a two-dimensional oriented surface S with boundary [. Fin
: “ o paddy
f dp, A dq, + -+ + dp, A dg,and flp‘dq‘ + P44

jecti imensi inate
ANSWER. The sum of the oriented areas of the projection of S on the two-dimensional coordina
planes p;, ¢;.
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36 Exterior differentiation

WeAdef!ne here exterior differentiation of k-for
derivative of a form over a chai

the chain, N is equal to the integral of the form itself over the boundary of

A Example: the divergence of a vector field

£,
k OVA
\Y4&V4
Yoell 15

Figure 155  Definition of divergence of a vector field

Let A be a vector field on the ori i
lented euclidean th
be'the boundary of a parallelepiped IT with edges& "
(Figure 155). Consider the “ ¥
surface S:

: -space R3, and let S
t 2,and §; at the vertex x
outward”) flux of the field A through the

F(IT) = f(A, dn).
s

ﬁorllg lthte pzrallelepiped 1 is very small, the flux F is approximately propor-
onal (z‘t € product_ of the volume of the parallelepiped, V = (§,, & p§
€ “source density” at the point x. This is the limit , bon S

lim Fe
o & | 4

where eIl is the parallelepiped with edges

depend on the choice of the parallelepiged ﬁ‘é:tg f)n

called the divergence, div A, of the field A at x
Togoto higher-dimensional cases, we note. that the

§urface element” is the 2-form which we called w?

is the density in the expression for the 3-form v

&€;. This limit does not
ly on the point x, and is

“flux of A through a
The divergence, then,

@ =divAdx a dy A dz,
ws(gh 2,8 =divaA. VE,, &, &3),
characterizing the “sources in an elementary parallelepiped.”

188

ms and prove Stokes’ theorem: the integral of the

36: Exterior differentiation

The exterior derivative dw* of a k-form * on an n-dimensional manifold
A may be defined as the principal multilinear part of the integral of w* over
the boundaries of (k + 1)-dimensional parallelepipeds.

13 Definition of the exterior derivative

We define the value of theformdwonk + 1 vectorsg,, ..., &, tangentto M
at x. To do this, we choose some coordinate system in a neighborhood of x
on M, ie., a differentiable map f of a neighborhood of the point 0 in euclidean
space R" to a neighborhood of x in M (Figure 156).

ey
kol 5/:’.1
y ,———\E

k + 1
L

¢y
RV R"

Figure 156 The curvilinear parallelepiped I1.

The pre-images of the vectors &, ..., §,,, € TM, under the differential
of f lie in the tangent space to R" at 0. This tangent space can be naturally
identified with R”, so we may consider the pre-images to be vectors

g?»--',gz+1€R"'

We take the parallelepiped T1* in R" spanned by these vectors (strictly
speaking, we must ook at the standard oriented cube in R*** and its linear
map onto IT*, taking the edges e,, ..., €.+, t0 &}, ..., &}, ,asa (k + 1)-
dimensional cell in R*). The map f takes the parallelepiped IT* to a (k + 1)-
dimensional cell on M (a “curvilinear parallelepiped ™). The boundary of the
cell T is a k-chain, 0T1. Consider the integral of the form w* on the boundary
oMl of IT:

F(gl’ cers §k+ x) = ank.

EXAMPLE . We will call 4 smooth function ¢: M — R a 0-form on M. The integral of the 0-form ¢
on the O-chain ¢q = Y m; 4; (where the m; are integers and the A; points of M) is

f @ =3 meld)

Then the definition above gives the “increment™ F(&,) = ¢(x,) — ¢(x) (Figure 157) of the
function ¢, and the principal linear part of F(&,) at 0 is simply the differential of ¢.
ProBLEM 1. Show that the function F(&,...., &, () is skew-symmetric with respect to &.

”

It turns out that the principal (k + 1)-linear part of the “increment
F(E,....,E.. ) is an exterior (k + 1)-form on the tangent space TM, to M
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Figure 157 The inte,
change in the function.

at x. This form does not depend on the coordinate system that was used to
define the curvilinear parallelepiped I1. It is called the exterior derivative, or
differential, of the form o* (at the point x) and is denoted by do*.

C A theorem on exterior derivatives

Theorem. There is a unique (k + 1)-form Q on TM, which is the principal

(k + 1)-linear part at 0 of the integral over the boundary of a curvilinea:
parallelepiped, F&,, ... E,, O ie.,

m FleBy, ..., 6, ) = EHIQ@h-H,ng)+0(8k+1) (e~ 0).

The form Q does not depend on the choice of coordinates involved in the

definition of F. If, in the local coordinate system x,, ..., x, on M, the Sform
o is written as

ot = Zai;.u.,ik dxi, Ao A dxg,,
then Q is written as
(2) Q = do* = Z dai:.....l'k A dxh Ao A dx',k.

We will carry out the proof of this theorem for the case of a form o' =
a(x,, x,)dx, on the Xy, x; plane. The proof in the general case is entirely
analogous, but the calculations are somewhat longer.

We calculate F(&, y), i.c., the integral of w! on the boundary of the paral-
lelogram IT with sides € and i and vertex at 0 (Figure 158). The chain 411 is

X2

n+Et

&t

RY]
Figure 158 Theorem on exterior derivatives
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gral over the boundary of a one-dimensional parallelepiped is tln-

36: Exterior differentiation

siven by the mappings of the interval 0 <t< 1 to the planelt_l:;lgrtéf‘tJ ;
El+ n,t - n,and ¢ — 1 + & with multiplicities 1, 1, —1,and — 1. X

faf=fmm—dm+ma—mwrwW+®%“
an o re th
where &, = dx,(§), ny = dx;(), &, =dx,(§), and 1, = dx,(m) are the

components of the vectors § and 0. But

da da 2 2
agt + ) — a(&) 35}“1’11 + b_x_z"’ + OE*, %)

(the derivatives are taken at x; = x; = 0). In the same way
da E‘L O 2 2).
a(nt +§)—a(m)=5;é, +ax252 + OE*n
By using these expressions in the integral, we find that
da 2 2
=g - + o(&*, 1°).
Few= [ of =5 @n - am)

The principal bilinear part of F, as promised in (1), turns out to be the value
of the exterior 2-form

Q= a—i‘-l; dx, A dxy
on the pair of vectors &, n. Thus the form obtained is given by formula (2),
since

da
o da = —dx; A dx;.
da A dx, =5£;dx, A dxy + b;;dxz A dxy o, 1

i i 159),
Finally, if the coordinate system xy, X 1S chang«?q to anothﬁrl(oFlrgal:;en, Sz)
the ar;lllelogram T ischanged to a neart}y curvilinear pzlxra 3 gw1 wm, o
thatpthe difference in the values of the .mtegrals. fonw' — for >
small of more than second order (prove it!).

I

y2
18

——— X
i ivati inate system
Figure 159 Independence of the exterior derivative from the coordinate sy
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PROBLEM 2. Carry out the proof of the theorem in the general case.

PROBLEM 3. Prove the formulas for differentiating a sum and a product:

d(w, + ;) = dw, + dw,.
and

At A ') = dot A of + (~ Dot A ded
PROBLEM 4. Show that the differential of a differential is equal to zero: dd = 0

Pr :
OBLEM 5. Let f: M — N be a smooth map and © a k-form on N. Show that [ *(dew) = d( f*w)

D Stokes’ formula

One of the most important corollaries of the theorem on exterior derivatives

is the Newton-Leibniz- - ii i
s b Gauss Green-Ostrogradskii-Stokes-Poincaré for-

3) Lcw = J:dcu,

wh;re cis any _(k + l)-chgiy on a manifold M and w is any k-form on M

COnS;)s tpsrg;/:‘:) :]hlS fﬁrml&? it is sufficient to prove it for the case when the ch;xin
e cell 0. We assume first i is gi i

parallelonipen T o (Erame 12) )that this cell o is given by an oriented

Figure 160 Proof of Stokes’ formula for a parallelepiped

We partition IT into N+ ! i
Then, coarly o N**! small equal parallelepipeds I, similar to I1.

Nk+1

w = Fi, whereFizf .
1

an i= o
By formula (1) we have

Fi=do, ... &, ) + o(n-#+1y

where &i,..., &, are the edges of I1;. But YM!" doxe! El,)is a
= PRI M

Riemann sum for [, dew. It is casy to verify that o(N~** 1) iy

niform, so
Nk +1 Nk+1
lim F,= 1l i ¢
;= hm i
jm ¥ Fi= lim ¥ daxél,...,§;+,>=fndw.
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Finally, we obtain
f o=y F;=1lm})F = fdw.
on N—w I
Formula (3) follows automatically from this for any chain whose polyhedra

are parallelepipeds.
To prove formula (3) for any convex polyhedron D, it is enough to prove
it for a simplex,®® since D can always be partitioned into simplices (Figure

161):
p=YD, @D=Y oD

Figure 161  Division of a convex polyhedron into simplices

Figure 162 Proof of Stokes’ formula for a simplex

We will prove formula (3) for a simplex. Notice that a k-dimensional
oriented cube can be mapped onto a k-dimensional simplex so that:

1. The interior of the cube goes diffeomorphically, with its orientation
preserved, onto the interior of the simplex;

2. The interiors of some (k — 1)-dimensional faces of the cube go diffeo-
morphically, with their orientations preserved, onto the interiors of the
faces of the simplex; the images of the remaining (k — 1)-dimensional
faces of the cube lie in the (k — 2)-dimensional faces of the simplex.

For example, for k = 2 such a map of the cube 0 < x,, x, < 1 onto the
triangle is given by the formula y, = x,, y; = x;x, (Figure 162). Then,

58 A two-dimensional simplex is a triangle, a three-dimensional simplex is a tetrahedron, a
k-dimensional simplex is the convex hull of k + 1 points in R” which do not lie in any k — 1-
dimensional plane.

ExampLe: {xe R x; 2 0and Y 5., x, < 1)
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formula (3) for the simplex follows from formula (3) for the cube and the
change of variables theorem (cf. Section 35C). -

ExampLE 1. Consider the 1-form
©'=pydg, + - + p,dg, = pdq

on R*" with coordinates p,, ..., p.. qi, .. ., 4a- Then dw' = dp, A dgq, + ---
+ dp, A dg, = dp A dq, so

ff ap A dq= | pdq

ez

In particular, if ¢, is a closed surface (0c, = 0), then {f.,dp A dq = 0.

E Example 2—Vector analysis

In a three-dimensional oriented riemannian space M, every vector field A

corresponds to a 1-form w} and a 2-form w?. Therefore, exterior differentia-
tion can be considered as an operation on vectors.

Exterior differentiation of 0-forms (functions), 1-forms, and 2-forms cor-

respond to the operations of gradient, curl, and divergence defined by the
relations

df= w[‘rad/ d(Di = 0)czurIA dwi = (d‘V A)(D3

(the form w3 is the volume element on M). Thus, it follows from (3) that

O = 1) = [gradsan itar=y—
!

fAdl: ffcurlA-dn ifas = 1
1 S

fLA dn = f f ivA)o® ifaD =s.

div[A, B] = (curl A, B) — (curl B, A),

PROBLEM 6. Show that

curl aA = {grad a, A] + a curl A,
div aA = (grad a, A) + adiv A.
Hint. By the formula for differentiating the product of forms,

diwh 8) = dw} A ) = dw} A wh — Wi A do.

ProsLEm 7. Show that curl grad = div curl = 0.
Hint. dd = 0,
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¥ Appendix 1: Vector operations in triply orthogonal systems

H ol
Let x,, x,, x3 be a triply orthogonal coordinate system on M, ds‘ =
E, dx} + E, dx3 + E; dx} and e; the coordinate unit vectors (cf. Section
34E).

ProsLem 8. Given the components of a vector field A = A4,e, + 4,e, + A,e;, find the compo-
nents of its curl. i
Solution. According to Section 34E

wy = Ay/Eydx; + Az\/l-;': dx; + Ay Ejdx,.

.
do) =\ --

According to Section 34F, we have

Therefore,

E, 4, JE,
o axy

2
dxy A dxy+ o= W5aa.

o e ] b5} 3}
A E; 04, JE 1
curl A = ! ( whs 2/ z)e‘ +

Ce R e ;3‘(— P axs
/E;Eg VEEE; !

A‘\/E; Az\/é; AJ\/E.T;

In particular, in cartesian, cylindrical, and spherical coordinates on R*,
94, 04, an_a_Aj) (%-M‘)e,
°“"A=(a_;"¥)°‘+(’a? ) o T /"
A, 1 [orA, 0A,
(e (e (ke ),
r\dy 0z oz or r\ or do
0A
N R R
“ Reos b de a0 " R\ aR R\ ¢R cos 0 do

ProsreM 9. Find the divergence of the field A = 4,e, + 4,€, + 4;6e;.
Solution. 0} = A, /E,Eydx, A dxy + -, Therefore,

0x, dx3

dwd = js'~(A,\/EZE3)dx, Adxy Adxy+ .
ax,
By the definition of divergence,
dw} = div A/E E E3 dxy A dxy A dx;.
This means

1 é e @ s FE)
div A v (,-'A’V/52E5+§gAZVE’E'+0,\-,AW Ey
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In particular, in cartesian, cylindrical, and spherical coordinates on R3:

QA 1 [3rA, 4, 34,
o )
Oz

04, 4 ¥
dz r\ or do

divA = -2
1v e +

Rt R

_ 1 OR? cos 04, . dRA, " @R cos ()A,,)
- JR do al

PROBLEM 10, The Laplace operator on M is the operator A = div grad. Find its expression in the
coordinates x;.

ANSWER.
v [ (ERY), ]
VEE,E, LEx, E, 2x, -

az 2. 2 62 2 2.
=T TP 1y 197,97
0x* " ayt T a2 i a2 dp?  Bg?

g L SRR DY)
T R7cos | 2R co R 0 cos 03p) T a0 \°°8 /|
G Appendix 2: Closed Sforms and cycles

The flux of an incompressible fluid (without sources) across the boundary
of a region D is equal to zero. We will formulate a higher-dimensional
analogue to this obvious assertion. The higher-dimensional analogue of an

incompressible fluid s called a closed form. The field A has no sources if
divA =0

In particular, on R®

Definition. A differential form @ on a manifold M is closed if its exterior
derivative is zero: dew = 0,

In particular, the 2-form w? corresponding to a field A without sources
is closed. Also, we have, by Stokes’ formula 3):

Theorem. The integral of a closed form o* over the boundary of any (k + 1)-
dimensional chain Cy+1 IS equal to zero:

f ot =0 ifdo* =0,
Bk

ProBLEM 11, Show that the differential of a form is always closed.

On the other hand, there are closed forms which are not differentials. For
example, take for M the three-dimensional euclidean space R® without 0:
M =R® -0, with the 2-form being the Aux of the field A = (1/R%)e,
(Figure 163). It is €asy to convince oneself that div A = 0, so that our 2-form
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Figure 163 The field A

i i nter O is equal
w? is closed. At the same time, the flux over any sphere_ w1thf cef " overqthe
to 4n. We will show that the integral of the differential of a for!

sphere must be zero.

Definition. A cycle on a manifold M is a chain whose boundary is equal to

ZE10.

The oriented surface of our sphere can be considered to be a cycle. It

immediately follows from Stokes’ formula (3) that

Theorem. The integral of a differential over any cycle is equal to zero:

do* =0 if Ocyyy = 0.

Ck+ 1

2-form w3 is not the differential of any l-fc')rm. o
¥ﬁ:sé)§:t::nce of cloAsed forms on M which are not differentials is relfated
to the topological properties of M. One can show that every clo’s,edl k- ;rar;l
on a vector space is the differential of some (k — 1)-form (Poincaré’s lemma).

ProsLeM 12, Prove Poincaré’s lemma for 1-forms.
Hint. Consider | ! = o(x,).

PrOBLEM 13. Show that in a vector space the integral of a clo;éd form over any ;:z:;e is zero.
Hint. Construct a (k + 1)-chain whose boundary is the given cycle (Figure .

Figure 164 Cone over a cycle
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Namely, for any chain ¢ consider the “cone over ¢ with vertex 0.” If we denote the operation
of constructing a cone by p, then

dop+pod=1 (the identity map).

Therefore, if the chain ¢ is closed, pe) = c.

PROBLEM. Show that every closed form on a vector space is an exterior derivative.
Hint. Use the cone construction. Let w* be a differential k-form on R". We define a (k- 1)
form (the “co-cone over ") pw* in the following way: for any chain Chey

j pak =f w*,
x oy

It is easy to see that the (k — D-form po* exists and is unique: its value on the vectors
105 G-y, tangent to R” at x, is equal to

(Pl s, ... &) = jé o (X, 8y, ..., 18, 1t
It is easy to see that
dop+pod=1 (the identity map). -

Therefore, if the form * is closed, d(pw*) = w*.

PROBLEM. Let X be a vector field on M and w a differential k-form. We define a differential
(k ~ I)-form ixw (the interior derivative of w by X) by the refation

(ixw)Ey, ..., & _ D=wX§,..., &)
Prove the homotopy formula
ixd + diy = Ly,

where Ly is the differentiation operator in the direction of the field X.
[The action of Ly on a form is defined, using the phase flow {g'} of the field X, by the relation

d
(Lxw)(§) = il wg8)
t=0

Ly is called the Lie derivative or fisherman’s derivative: the flow carries all possible differential-
geometric objects past the fisherman, and the fisherman sits there and differentiates them.]

Hint. We denote by H the *homotopy operator” associating to a k-chain y:¢ — M the
(k + 1)-chain Hy:(I x 6) » M according to the formula (Hy)(t, x) = g'v(x) (where I = [0, 17).
Then

g'y ~ v = 8(Hy) + H(@y).
PROBLEM. Prove the formula for differentiating a vector product on three-dimensional euclidean
space (or on a riecmannian manifold):
curl{a, b] = {a,b} + adivb — bdiva

(where {a,b} = L,b is the Poisson bracket of the vector fields, cf, Section 39).
Hint. If t is the volume element, then

lcart(a, o7 = diy iyt diva=di,t and {ab}=L,b;

by using these relations and the fact that dr = 0, itis easy to derive the formula for curlla, b} from
the homotopy formula.
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H Appendix 3: Cohomology and homology

The set of all k-forms on M is a vector space, the closed k-forms a sub-

space and the differentials of (k — 1)-forms a subspace of the subspace of
closed forms. The quotient space

{closed forms}

e = HY(M, R
{differentials} ( )

is called the k-th cohomology group of the manifold M. An element of' this
group is a class of closed forms differing from one another only by a differ-
ential.

ProBLEM 14. Show that for the circle §7 we have HY(S' R) = R
The dimension of the space HXM, R) is called the k-th Betti number of M.

ProBrem 15, Find the first Betti number of the torus T2 = §' x §'.

The flux of an incompressible fluid (without sources) over the surfaces of
two concentric spheres is the same. In general, when integrating a closed form

a

Figure 165 Homologous cycles

over a k-dimensional cycle, we can replace the cycle with gno!hgr one pro-
vided that their difference is the boundary of a (k + 1)-chain (Figure 165):

-”wk = J‘Uk,
a b

ifa—b=dc.,,and do* = 0.
Poincaré called two such cycles a and b homologous. _ .
With a suitable definition®® of the group of chains on a manifold M and its

*% For this our group {c,} must be made smaller by identifying pieges which differ only by the
choice of parametrization f or the choice of polyhedron D. In particular, we may assume that
D is always one and the same simplex or cube. Furthermore. we must tuke c:v’ery ds:jgenergtc
k-cell(D. / Onjtobezero.ie (D, . Or) = 0if f = f,- f,. where f;: D — D"and D has dimension
smaller than k.

199



7: Differential forms

subgroups of cycles and boundaries (i.e., cycles homologous to zero), the
quotient group
{cycles}
{boundaries} H(M)
is called the k-th homology group of M.

An element of this group is a class of cycles homologous to one another.

The rank of this group is also equal to the k-th Betti number of M (“De
Rham’s Theorem”).
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Symplectic manifolds

A symplectic structure on a manifold is a closed nondegenerate differential
2-form. The phase space of a mechanical system has a natural symplectic
structure.

On a symplectic manifold, as on a riemannian manifold, there is a natural
isomorphism between vector fields and 1-forms. A vector field on a sym-
plectic manifold corresponding to the differential of a function is called a
hamiltonian vector field. A vector field on a manifold determines a phase
flow, i.e., a one-parameter group of diffeomorphisms. The phase flow of a
hamiltonian vector field on a symplectic manifold preserves the symplectic
structure of phase space.

The vector fields on a manifold form a Lie algebra. The hamiltonian
vector fields on a symplectic manifold also form a Lie algebra. The operation
in this algebra is called the Poisson bracket.

37 Symplectic structures on manifolds

We define here symplectic manifolds, hamiltonian vector fields, and the standard symplectic
structure on the cotangent bundle.

A Definition

Let M2" be an even-dimensional differentiable manifold. A symplectic
structure on M?" is a closed nondegenerate differential 2-form w? on M?":

do? =0 and VE#0I:?En)#0 (¢ neTM,).
The pair (M?", w?) is called a symplectic manifold.
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