Execution of Perturbation Theory Calculation for Stochastic Mc
Reduction

Friday, April 03,2009

41 AM

Homework 3 due date extended to April 21.
Homework 4 absolute final due date is May 4. (not posted yet)

Math colloquium on Monday, April 6 at 4 PM: Numerical methods for stochastic equations which have symplectic prop
(respects the Hamiltonian structure of physical equatierpplications to molecular dynamics.)
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Or it could also include the curl of a vector field, but it turns out that including
that component gives rise to solutions that are no good (in the sense that the
probability density won't have finite integral. 7
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One can show that if the vector C on the right hand side is nonzero, then one gets a sblelfoliability density
thatdoesn't decay. (To show this properly, take divergence of both sides, solve the resulting Poisson problem examitentitg
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This is our conclusion from solving the first equation in the asymptotic hierarchy. We have not completely determirtealits bee don't know what
the functionhiis. This indicates that we are working withiagular perturbation problerbecause in a regular perturbation problem, solving the first
equation in the asymptotic hierarchy gives a complete description of leading order term, next equation gives completefsoffitii order correction,
etc. Insingular perturbation problems, you actually have to solve more equations in the asymptotic hierarchy to deteweimeder terms in the
perturbation expansion. That means we will have to look at the first (and even second) order equations in the asympiaiiyt@finish the
description of the leading order term for the probability density.

Butthe partial information we have so far is already interesting. To leading order, the velocity and the position ofuthiaiBparticle are independent
(PDF factorizes). Moreover, the velocity of the Brownian particle is Gaussian distributed, with covariance matrix bgugémdity matrix in
nondimensionalized terms. One can check that this probability density is just the nondimensionalized form of the Bdlinitaurtion for the velocity

of a particle at finite temperature. That means the velocity of the Brownian particle is always in thermal equilibriuroumaigproximation (to
leading order).

Now solve the next order equation to get more information:
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Therefore, using all information | have so far, the equation reads:
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We think of this as an equation where we try to solve forthgependence of I(€ &
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Because the leading order operator only involves derivatives with respect to ZY/ Ly ']
velocity variable, each of these equations will have the same structure of a f

with respect to the velocity variables, where the other variable (space and tit

behave like parameters. This is intuitively consistent with the notion of velot

as a fast variable and position as a slow variable.

So even though we don't know the functibrwhich appears here yet, we can sti
solve for the v dependence of the first order correction in the perturbation
expansion for the probability density. So far, these are general phenomena t
our method of solution will be specific to our particular equation.

Again we will proceed by justintegrating twice:
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First order equation, use integration factor technique again (Typical observation is that all equations in the asymptotic
hierarchy are solved in basically the same way because they wind up just being of th?)rm -~ l
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Again we have solved for the velocity dependence of the first order correction, dependence on the position variable an:
still unknown. Have to proceed to next order to get more information; this time it will be fruitful and we won't need t@sc
the equation in complete detail.
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Rather than just plow ahead and solve, let's first check if a solution even exis
turns out that thissolvability conditiorwill put restrictions on our heretofore
unknown function L\

This is a very general phenomenon in perturbation theory. The dependence
the expansion coefficients with respect to slow variables arises from solvabi
conditions in higher order equations.

What needs to be true for the equation to be solvable?
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Imagine integrating the partial differential equation over large regiin velocity

space.
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We expand the integration regidBtoward all of velocity space, so the boundal
goes to infinity, and since the probability density decays rapidly at infinity, the
boundary term vanishes.
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Imposing this solvability condition on our problem gives:
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The consequence of this condition ca? be obtained by noting that the
dependence of the integrand on ~— is explicit and simple, and boils down
to the following integrals
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Using these integrals gives:
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Notice then that we have obtained a partial differential equation for the missing fiéeet)in our leading order solution by imposin¢
the solvability condition on the second order equation in the asymptotic hierarchy.

Therefore, we can summarize the calculation as follows:

The solution to the nondimensionalized Kiiramers equation (the Fokké&lianck equation for Brownian motion which accoun
for both position and velocity)
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