Physical Interpretation of Solution of Langevin Equation
Tuesday, March 03, 2009
11:33 AM

Homework 1 solutions to be posted tonight.

Let's concentrate on the correlation function of the velocity after we wait a long time so that the system has settled down i nto
thermal equilibrium and forgotten the initial conditions.
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We see two combinations of physical constants that govern the behavior of the

velocity of a Brownian particle in thermal equilibrium.
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The root-mean-square velocity along any direction is:
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The other key quantity describing the dynamics of the velocity is the time scale on
which the velocity of the particle is forgotten
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This is the time scale over which correlations (as measured by the
correlation function) of the velocity persists.
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More general formula for correlation time:
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Dynamically this indicates that the particle motion looks as follows:

spe<d 5

~ i /v

= éT[ a 0’ "l[;r r.JIV{ S//U/f_
} [0""" ;.,\ }l/“v ,(6'71/)4//(8_ -[(‘417/

Fewv " 1 ?%,3 in 1177w;1/f
[{m,,”!”-/ N 7”615
('l/l'lZ

v = 0)01 5 6/ Lv&//(f ot roown .r/'.’m'ﬂ

I(:haw\q;ﬂ/ \/l\géosl';\/
j:: 2 x ol 9 (*‘L\ = 02 [15 ¥/
§- Com Cem 5
5 g\
T, T (2, 20 s
0> ( =) %

— 9
Fz//‘ Co”wb’ a"~ [U Cim

appsdenotes030309 Page 2



To, ~ 2007 s

Br Sn.nl( mdlecul b }UA-?CL«;
-3

TW,’\' DI

So now we turn to the behavior of the position of the particle.
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By inspecting this formula, we see that if the initial values of the position and velocity are deterministic or jointly Gauss ian
distributed, then the position of the particle at a later time is just sums and integrals of Gaussian random variables with
deterministic weights, so the result is again that the position obeys Gaussian statistics. X(t) is a Gaussian random function.
Therefore it can be completely described by its mean and covariance function. Doing direct averaging on this formula will wo rk
using the basic stochastic calculus rules but very tedious.

Aless painful to proceed is to keep the observation from this formula that X(t) is a Gaussian random function, but compute its
mean and covariance using the previously computed results for the mean and covariance of the velocity V(t).
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Justdirectly average this expression rather than substituting in the exact formula
for the velocity
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Now substitute the expression for the mean velocity
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So this shows that the covariance of the position of the Brownian particle at two different times t and s can be computed through
integrating some exponentials a few times -- details are just calculus exercise. Such detailed results can be seen for example in
Chandrasekhar's article (to be posted in optional reading).

For our purposes, let's focus juston the central question of what is the covariance of the position of the particle at one t ime t [(l) w /f"

and we'll justlook at the behavior at long time, which is usually of fundamental interest. Firstwe observethat only the f irst term in /'v L /1‘/
the above expansion will grow with time; the other terms are bounded (as is either clear from being constantor being an inte gral of a vun
decaying exponential). Justlook at firstterm: /\( .f/ v
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