Statistics of Solution to Langevin Equation

Tuesday, February 24, 200!
11:59 AM

Office hours today will be 1:52:50 PM.

Homework 2 is due Tuesday, March 3 at 12:00 PM; note a second problem was added this morning.
Two key properties for solving and manipulating stochastic differential equations.

I will always implicitly be using the Ito stochastic calculus for calculations.

1. When changing variables in a stochastic differential equation or computing the derivative of any new stochastic
quantity (like the product rule from last time), be careful to expand the quantity you are differentiating up to sec
order so that you keep track of all terms upd@/ dW.

You discard all differentials that look ligev dtor dt dt.

Make the replacement: d W(é)J WJ(('L_/ 8-6 J t E{ l/;\/"lev ?17 AW (’L) (X) d VV(& ~> (/( A‘t

2. When you compute statistics of solutions of stochastic differential equations, you will generally be working with stottbgsdils involving
dWand you use the following rules for the statistics of stochastic integrals:
a. dWbehaves Jike a Gaussian random variable
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We now analyze the solution to our Langevin equation. For the sake of generality we will allow the initial data for ¢ftg veM /”\
to be random, independent of the randomness in the thermal force.

L
L Vo L) g,

Vs Ve W )
AU ran

First we claim that jf the initial data is deterministic or a Gaussian random
variable, then \/ "( E is a Gaussian random function, mean
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observations of the velocity at different moments of time have a jointly Gaussian (normal) distribution.

This just follows from the property that the sum (or even integral) over a collection of jointly Gaussian random variat
weighted by deterministic factors, is also Gaussian.

Gaussian random functions are completely determined by their mean and covariance (or correlation functions) so we caelgomplet
describe the properties of the velocity of the Brownian particle with the above Gaussian observation together with commgating

and covariance, provided the initial data is Gaussian or deterministic. If the initial data is not deterministic or Gthessidue

following computations for the mean and correlation function will still be correct, but they don't provide a complete teadiip

the statistics of the particle velocity. E X [é ] ’)
Py -

- . Bi ) ~
2 (> NIOAE: "4 ,C 4/\({/(5)>

w)

™ —~ _ Lf u//cc)ffj O
C\/({\B: 4\//03)6 " (Og]z(,/b‘(

The average velocity just decays exponentially from its initial value, as its initial value is "forgotten” through frictemaation with the surrounding fluid.
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Let's look more closely at the last term. By using a different dummy variable foreach integral, we can simply wrideubés a
integral rather than a (tensor) product of integrals.
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Integrate ovett' first:

Now use the rule:
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These formulas for integrating against delta functions are supposed to only be true for smooth functions g, so if you wir
integrating over a delta function which is at the boundary of the integration domain, then check whether there is an amt
If there is, then you have to fall back to more careful stochastic calculus calculation.

Here the singularity of the delta function is sit which is not at the edge of the integration interval exceps'af) but since

we're integrating oves', the particular value at one point doesn't matter.
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This reuslt was derived assuming thas. The other case can be computed
mutatis mutandi (with a transpose) to get:
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The correlation function is often more conveniently expressed in terms of a time lag between the two observation times:
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Part of this correlation function is a piece that involves an exponeital decay of the initial data. If we look at lonthisneesrelation function
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These long term limits apply when the exponential terms are small, which is true once
m
£ > Y

This is a time scale that characterizes the forgetting of initial information. It is often caltedeéation timeand here may also be
thought of as a time required for the system to approach thermal equilibrium (statistically stationary state where the vitmerathe
system is observed doesn't change its statistics.)

So the longime limit statistics displayed above described the state of the velocity of the Brownian particle when it has reache«
thermal equilbrium (statistically stationary state). These results should agree with equilibrium statistical mechanics!

Statistical mechanics says that for a system which is in thermal contact with a "bath" or"reservoir" at temp@rature
the probability distribution for the state variablééshould obey the GibBBoltzmann distribution:
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Eis the energy (Hamiltonian) of the system

ksis Boltzmann's constant

Z is just a normalization factor to make the PDF integrate to 1, but it plays a
interesting role in statistical mechanics so is given the fancy mamigion
function
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For our Brownian particle, the fluid molecules play the role of the bath or reservoir at tempefature
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This would be consistent with our lotigne results from our dynamical

calculation provided that:
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This is an example of what's callefiuatuation-dissipation relatiorwhich generally indicate that the strength of the thermal
forcing is tied both to the temperature of the system as well as the strength of the friction.

Going back to our model, this says our thermal force should be:
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And the Langevin equation should read:
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We will continue next time with the computation of the statistics for thesition of the Brownian particle.

For now, a brief detour into an alternative approach that is sometimes used to derive formulas for the statistics of sduto
stochastic differential equation. What we did was to first solve the SDE then take averages. Sometimes, especialtg in p
literature, one employs a "method of moments" in which the equations are first averaged, and then integrated.

This is fine but sometimes a bit flaky.

For example, consider trying to compute the covariance of the velocity at a given time by averaging then integrating:
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In a related flaky argument (originally in Langevin's paper) for the position of the particle, a similar term involvorgelagan between the
force and the position arises, and it is assumed to be 0 because of the force fluctuates rapidly. Making that assureptionithejive
nonsense, wrong answer.

More proper way to do this calculation is through the SDE framework:
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