Numerical simulation of random variables

Tuesday, February 10,2009
12:02PM

Another reference for last lecture: Gardiner Sec. 1.2

Any random (stochastic) simulation is typically built up by figuring out how to express the simulated variables through some
combination of independent random variables.

For the random walk:
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Then we just need to separately simulate each independent random variable. How do we do this?

How do computers simulate random variables at all? They don't -- they use "pseudorandom" number generators
that are actually deterministic algorithms that generate a sequence of numbers that "look" random and behave
randomly according to some basic statistical tests. These pseudorandom number generators are sufficiently
complex mappings of one integer to another. Typically these integers are divided by the largest integer the
pseudorandom number generator wants to handle and this gives floating point random numbers which appear to
be uniformly distributed on [0,1]. These are usually built-in routines in many operating systems and
computational software (rand or ran). If you don't trust your software or operating system to have a good
pseudorandom number generator, you can write or use your own (see Pierre L'Ecuyer website).

One practical piece of info: You can "seed" a random number generator at the beginning of a program with a
particular integer to start with. If you don't do this the random number generator usually seeds itself by looking at
the clock and calendar, etc.

What if you want to simulate a random variable that is not uniformly distributed on [0,1]. These typically involve
some sort of transformation of the uniform random variable generator that's built into the system or the software.
Some more sophisticated computational packages (MATLAB) actually have many special-purpose algorithms
already written to simulate important random variables like exponential, Gaussian, etc,

Reference: Kloeden & Platen, Numerical Simulation of Stochatsic Differential Equations Sec. 1.3

Discrete random variables: F(z— = YL)B = FU
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General purpose algorithm for any scalar independent random variable:

Inverse transform method

Suppose the random variable Y we want to simulate has CDF
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You can simulate Y through the formula:
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Onetechnical caveat: the inverse function of the CDF might not be defined in a

strict sense when the PDF va
general, define:
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This is general purpose but not always practical. Itis used, for example, for exponential random variables:
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However, the inverse transform method is not typically used to simulate Gaussan V,\, U ( 0 ]
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Computing the inverse of erf is not efficient. And this would be annoying to code.

Two special tricks for simulating Gaussian random variables, and they are based on one observation:
o Theinverse transform method works wonderfully well when you try to simulate two Gaussian random variables in polar coordinates
o Thereasonis that if you simulate two independent standard Gaussian random variables (mean 0, variance 1), and look at them in polar
coordinates, then the angle is uniformly distributed and the square of the radius is exponentially distributed.
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can be simulated as follows:

Take two independent random variables U. (/ N— UCd) />
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There's actually theoretically an even faster way to simulate Gaussian random
variables based on the rejection method

To simulate a uniformly distributed random value in A, simulate uniform random values in a containing set B; keep the first value

thatfalls in A and simply reject those values that do not. Note that simulating uniform random variables over a rectangle is easy
because you simply simulate uniform random variables along each side of the rectangle.

The Polar-Marsaglia method for simulating Gaussian random variables is the
following:

Simulate a uniform point (V1, V2) in the unit circle by using the rejection method:
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The basic idea is to think of Y:I: \[T;L/?—l Lo "(
Y;,t ml Sin A

where oA v U/q l7f\>

but avoid having to compute sin and cos (at the cost of wasting some points by
rejection).
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Once we can simulate standard Gaussian random variables, then we can simulate Gaussian random variables with arbitrary
mean and standard deviation as follows:
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General purpose improvement on the inverse transform method is to combine it
with the rejection method:
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Suppose the probability distribution of the desired random variable Y is annoying to compute by inverse transform method, and

we don't have any special purpose algorithm (like Box-Muller) for it. Note that one way to simulate the random variable Y is to

simulate a uniformly distributed value in the region under the graph of its PDF.

Find a function fv (y) which is a constant multiple of a PDF that's easy to simulate
(uniform, exponential, Gaussian, etc.). Call the random variable corresponding to
this function V. Then simulate a uniformly distributed value under the graph of fv
by first simulating a random value V and then taking a uniformly distributed
random variable from [0,f_V (V)].

Let's close by relating the results of our trajectory-based approach, the PDE-based approach, and numerical simulations.

Trajectory-based continuum limit:
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which corresponds to a Gau m variable with mean
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This motivates defining the diffusivity fgr the trajectory-based perspective as
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