
We now look at the previous model for Brownian motion as a limit of a random walk with short time step, but now rather than t ry to describe 
individual trajectories, we will try to develop equations for the probability distribution of where the particle is at a give n moment of time.

Start with discrete random walk:

What is the probability density function for Xn and how does it evolve from 
observation to observation?

  How does this PDF evolve from observation to observation?  Start with just using the law of total 
probability from last time.

This is just a completely general way to write down how the PDF of a second random variable is related to the PDF of a first 
random variable, assuming we know how the random variables are related (through the conditional PDF).

To make use of it, we must be able to describe the conditional PDF:

Using the stochastic update rule                         we can write: 

Sometimes one can fall into traps reasoning directly with PDFs, so let's check by carefully thinking about probabilities:
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Going back to our law of total probability and substituting this relationship:

In our trajectory-based analysis, we took the PDF for the increments Z to be 
effectively Gaussian but this wasn't strictly necessary as we discussed from the 
central limit theorem.   Here I will not need to invoke any such simplification.

As this equation gives an explicit prescription for how to update the PDF of the stochastic process Xn from one time to a future time, it is known as 

a Kolmogorov forward equation.
(Warning:  this terminology is not universal outside of mathematics) 

One could proceed to compute explicit PDFs for the position of the random walker for various choices of the increment PDF pZ.  Just need some 
initial probability distribution for the initial location of the particle.  If the initial location of the particle at time 0 is deterministically xin, then:

This Dirac delta function has the properties:
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This is the basis for making the use of such generalized functions rigorous through distribution theory.

See Gardiner Sec. 3.8.2 for two explicit computations of solutions of the forward Kolmogorov equation for a random walk.  We won't bother with this.
Rather, we will proceed to ask how this Kolmogorov forward equation looks in the continuous -time limit.

Now consider the limit as the increment 

The previous manipulations allow us to combine the two terms in the numerator into a common integral:

Now let's take the limit 
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As for the right hand side, we will make the assumption that the typical size of the increments Z will get smaller as the time 
step is made smaller. An alternative would be to assume that the increments don't get smaller, but just are less likely to 
happen at all as the time increment is made small -- this leads to discontinuous stochastic process known as continuous-
time Markov chains.

As we are anticipating a continuous Brownian motion, we will assume the PDF for 
the increments becomes more concentrated on smaller values of z.  This 
motivates a Taylor expansion assuming that the integral is dominated by small 
values of z:

Tensor notation:  

Putting this together, we have:
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Let's look at these drift and diffusivity coefficients for Brownian motion.  

By symmetry, for Brownian motion we expect no drift vector since the increments 
should have zero mean:  

The diffusivity matrix is always nontrivial for any continuous Markovian random 
process and here by symmetry again it must be diagonal, otherwise it would imply 
different diffusivity in different directions.

We'll see more generally that the diffusivity matrix describes how strong the 
random fluctuations are in a given direction as follows:  Since it's clearly a 
symmetric matrix, find principal axes and eigenvalues and project the desired 
direction against this principle axis decomposition.
Returning to standard Brownian motion which has diffusivity matrix = kI
By looking at the diagonal elements of the diffusivity matrix, we see that:

This is consistent with the scaling we saw for the stochastic differential equation 
framework for trajectories.

Notice by the way that then we would expect:

What if the scaling                               doesn't hold?

and so there is no change whatsoever on the right hand side; the process looks 
trivial in the continuous time limit.  

On the other hand 
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On the other hand 

then the limit can be shown to be either discontinuous and must use jump 
process framework  (Levy-Khinchine theorem)  or it's not Markovian.

For our Brownian motion example, then, the continuous limit of the Kolmogorov forward equation is

If one would take a limit of a random walk but not demand isotropy, then one 
would have obtained the more general limiting Kolmogorov forward equation

This is a constant-coefficient version of the Fokker-Planck equation.  
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