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MATP6640/DSES677

Linear Programming
Spring 2008

Midterm Exam, Thursday, April 3, 2008.

Please do all three problems. Show all work. No books or calculators allowed. You may
use any result from class, the homeworks, or the texts, except where stated. You may use
one sheet of handwritten notes. The exam lasts 110 minutes.

Q1 /40
Q2 730
Q3 730
Total | /100

i

Throughout, the standard primal-dual LP pair is

min ¢z max by
st. Az = b (P) st. ATy + s = ¢ (D)
z > 0 s > 0

where A is m X n and the vectors are dimensioned appropriately.
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1. (40 points)

(a) (20 points) Use complementary slackness to show that y = (10, 5) solves the
linear program

max 1ly; + 82
8.4 5y; < 50
5y, < 50 (Ds)
3yr + dy, < 50
2.5y; + 4.33y, < 50

(Hint: 2.5 x 10 +4.33 x 5 = 46.65.)
(b) (20 points) The problem in part (1a) is a relaxation of the true problem,

max, 1ly; + 8y
st.  wiyn + wayy < 50 Vuw satisfying w? + wi < 25. (Do)

Show that y = (10,5) is not feasible in the true problem. Give a valid linear
constraint that is violated by y = (10,5) and that could be added to (Dy).
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2. (30 points)
Two systems of equations are:

(I Ad=0,Fd=0,eld=1,d>0
(IT) ATy < te, 420, v free , [

where ¢ is the n-vector of ones and ¢ is a scalar.

a) (10 points) Show that exactly one of the two systems has a solution.

{

A

(b) (10 points) Assume (P) and (D) are both feasible. Show that if (I) is consistent
then (P) has an unbounded set of optimal solutions.

(c) (10 points) Assume (D) is feasible. Show that if (1I) is consistent then (D) has
a strictly feasible solution.
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3. (30 points)
Let (2,9, 5) be strictly feasible solutions to (P) and (D). Let i = 75/n. Assume the
current iterate is reasonably well centered, so XSe ~ fie, with the diagonal matrices
X and § defined in the usual manner. Assume rank(A) = m.
Assume we add an extra variable w to (P), with corresponding column g, giving the
modified problem
min fz + hw

st. Ax + gw = ¢
z,w > 0

%, w = 0 is feasible for (Pw) but not strictly

(Pw)

where h is a scalar. The point z
feasible. It is necessary to increase w to get a strictly feasible point.

(a) (15 points) Ignoring the additional dual constraint g7y < h, how would you try to
find a strictly feasible solution to (Pw) while also keeping X Se ~ fie? (Hint: set
up conditions to be satisfied by primal directions (Az, Aw) and dual directions
(Ay, As).)

(b) (15 points) Now assume you've found a strictly feasible primal solution (Z, ) and
a new dual solution 7 with 3 = ¢ — ATg > 0. If you could pick the scalar k, how

would you select it7 (Aside: an algorithm could work from an incorrect h and

gradually modify it to achieve the correct value.)
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