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Fundamental concepts and
results on polyhedra, linear
inequalities, and linear
programming

In this chapter we first state a fundamental theorem on linear inequalities (Section 7.1), and
next we derive as consequences some other important results, like the Finite basis theorem
for cones and polytopes, the Decomposition theorem for polyhedra (Section 7.2), Farkas’
lemma (Section 7.3), the Duality theorem of linear programming (Section 7.4), an affine
form of Farkas’ lemma (Section 7.6), Carathéodory’s theorem (Section 7.7), and results for
strict inequalities (Section 7.8). In Section 7.5 we give a geometrical interpretation of
LP-duality. In Section 7.9 we study the phenomenon of complementary slackness.

Each of the results in this chapter holds both in real spaces and in rational spaces. In the
latter case, all numbers occurring (like matrix and vector entries, variables) are restricted to
the rationals.

7.1. THE FUNDAMENTAL THEOREM OF LINEAR INEQUALITIES

The fundamental theorem is due to Farkas [1894, 1898a] and Minkowski
[1896], with sharpenings by Carathéodory [1911] and Weyl [1935]. Its geo-
metric content is easily understood in three dimensions.

Theorem 7.1 (Fundamental theorem of linear inequalities). Let a,...,a,, b be
vectors in n-dimensional space. Then:

either 1. b is a nonnegative linear combination of linearly independent vectors
froma,,...,a,;
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- or IL there exists a hyperplane {x|cx = 0}, containing t — 1 linearly independ-
ent vectors from a,, ..., a,, such that cb <0 and ca,,...,ca,, =0, where
t:=rank{a,,...,a,,b}.

Proof. We may assume that a,,...,a,, span the n-dimensional space.
Clearly, I and II exclude each other, as otherwise, if b=4,a, + -+ 1,4,
with 4,,...,4,, =0, we would have the contradiction

1) 0>cb=4,ca;+- -+ A,ca,=0.

To see that at least one of I and II holds, choose linearly independent a; ,a;
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from ay,...,a,, and set D:={g; ,...,q; }. Next apply the following iteration:

n

) () Write b=4;a;, +---+ 4,4, .If 4;,,..., 4, >0, we are in case L.
(i) Otherwise, choose the smallest h among iy, ...,i, with 1, <0. Let
{x|cx =0} be the hyperplane spanned by D\{a,}. We normalize ¢
so that ca, = 1. [Hence ¢b =1, <0.]
(iii) If cay,...,ca, =0 we are in case II.
(iv) Otherwise, choose the smallest s such that ca, < 0. Then replace D
by (D\{a,})u{a,}, and start the iteration anew.

We are finished if we have shown that this process terminates. Let D, denote
the set D as it is in the kth iteration. If the process does not terminate, then
D, = D, for some k < (as there are only finitely many choices for D). Let r be
the highest index for which a, has been removed from D at the end of one of
the iterations k, k + 1,...,/ — 1, say in iteration p. As D, = D,, we know that aq,
also has been added to D in some iteration g with k < g <l So

3) D,n{a,+y,....any =D, {a,.4,...,a,}.

Let D, ={a;,...,a;}, b= A a; +---+ 4, a;,, and let ¢’ be the vector ¢ found
in (ii) of iteration q. Then we have the contradiction:

“4) 0>cb=c(A,a;, + -+ A.a,)= A, ca;, ++ 4 c'a;, >0.
The first inequality was noted in (2) (i) above. The last inequality follows from:

5 ifi.<rthen i >0.ca. > (as by (2) (ii), r is the smallest index with A,
) 1 l.’ r then 4, >0, C,a” 20 < 0; similarly, by (2) (iv) r is the smallest
ifi;=r then 4;; <0,¢'a;; <0J )index with c'a, <0)

ifi;>r then c'a;; =0 (by (3) and (2) (i1)). 4

The above proof of this fundamental theorem also gives a fundamental
algorithm: it is a disguised form of the famous simplex method, with Bland’s
rule incorporated—see Chapter 11 (see Debreu [1964] for a similar proof, but
with a lexicographic rule).






