Martingales
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References: Karlin and Taylor Ch. 6
Lawler Secs. 5.1-5.3

Martingales are usually used as a trick, sometimes as a model.
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Martingales need not be Markov processes, nor do Markov processes need to be martingales.
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Let's warm up with some elementary examples for how to make martingales out of elementary stochastic
processes. The point is that we'll see later that several important results can be applied to martingales so
this allows that machinery to apply to more general stochastic models where the original stochastic
process may not be a martingale. We'll work with discrete-time martingales for simplicity but the same
ideas work in continuous time for the most part; Karlin and Taylor Section 6.7
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Intuitively, martingales in general have many of the important properties of this elementary example, namely the
stochastic process behaves as if it were the sum of a large number of independent random variables.
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The main idea behind these example is that one can make martingales out of functions of stochastic processes sometimes by

subtracting the right kind of terms.
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This time we will have constructed a martingale instead through a multiplicative rather than additive

renormalization, which is also common.
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Many more creative ways to construct martingales exist; see Karlin and Taylor for several more examples.

Similar techniques can also be used to construct submartingales and supermartingales.
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and some technical conditions; see Karlin and Taylor.

Just as powerful tool exist for martingales, the same tools allow you to derive inequalities for submartingales and
supermartingales.

The point of constructing martingales (And their sub and super counterparts) is either as a useful way to formulate a modeling assumptioin
or more commonly as a computational trick.

Using martingales for modeling is very commonly in mathematical finance; they encode perfect market/no-arbitrage
conditions: you cannot make an expected return (relative to bank interest rates) without taking on risk.
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Applications of martingales in problem-solving
Two major theorems that are used as tools:

Optional Stopping/Sampling Theorem (Lawler Sec. 5.3, Karlin and Taylor Secs. 6.3-6.5
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The statement of the theorem seems pretty straightforward but it actually has far-reaching utility in that it can be used to
compute properties of a stochast|c process at a Markov time by formulating an appropriate martingale.
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Random walk on the numbers 0 , 1 , with albborbing boundary
conditions at 0 and M. Martingale techniques can be used to compute
the probability to be absorbed at either end and the expected time
until absorption. We've done these calculations before using Markov
chainideas, but this martingale approach also works in more
sophisticated contexts where those Markov chain tools may be
awkward or unavailable.

ﬁ will be the contrived martingale where X, is the Markov chain
generated by the random walk.
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X,
ﬁ will be the contrived martingale where X, is the Markov chain
genera ted by the random walk.
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This is an example of what is called an exponential martingale.
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Let's see what happens if we try to apply the optional stopping theorem; what about the technical
conditions? The first two are pretty easy to verify, but the third requires more work (see Karlin and Taylor
Sections 6.3 and 6.4a).
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The basic idea for this calculation was to construct a martingale associated to the given stochastic process (which was not originally a
martingale) and then using the optional stopping theorem to relate the statistics at the Markov time of interest to the known initial
conditions.

Another illustration (also from Karlin and Taylor Sec. 6.3) is to compute the expected time to absorption.

5T~

[y

/
Construct martingale Y ) = X ) + [ﬂv?> n
Again che kth technical conditions for the optional sampling theorem and then conclude:
I
(E 7 /E Y,
.I"l[ X ()” f

BLY, () T) =B

ET> 1- EX,
r
= (13790 +plxH k)
1

':J;,,M

M/\" [JJ_——\

stochnote112408 Page 6



I I K T (.f_ mo )
_ )
This was an elementary illustration but more sophisticated examples can be found:

3 application to pricing of American options (Karlin and Taylor Sec. 6.4)

3 probability distribution for the times between branching events in a continuous-time branching process (Karlin and Taylor Sec.
6.6¢)

One key corollary to the Optional Stopping Theorem is the

Wald Identity (Karlin and Taylor Sec. 6.4)

[,e+ Xj Af “ StYnlate ¢ i

vam,chf\vﬂ ) 0[ "/3
o L%

G T PSe Mo,z/Cm/ E e
Sqﬂﬂyij Te f\/ ?[WSWM/ \feos

ii [4)= e (W“w"?zjfﬁw}/

nL'J‘RM
- 65
E _ € i > j),

(5 (9)

Then
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