Kolmogorov forward and backward equations and Poisson process

Monday, November 03, 2008

How can we apply the Kolmogorov equations to calculate various

statistics of i t est? We'll specialize from the Kolmogorov equations
whi hwd ved for the pr bbltyt sition function.
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For applications with random initial data, the expected value of Markov chain after time interval tis

(s (B FOTE) =R (B ECsta) X0)
cg(eAt,?)

-1 ) 19

T g & () (“] £07)

?JJ(/S k/ﬁ%]v‘:u%
= £ ) 3= b o

/}wvyvrw
vES - J Ao
= _i F(J\ [ﬁ/o)\e At

JFS J
d. 09 /zf 3\) F(J\

So here one could solve either forward or backward equations to get the desired result. And of course one can generally
solve any statistical problem in principle by solving for the probability transition function with whatever equation one
chooses, but this involves M2 equations where M is the number of states, or for the infinite state case, it's like solving for an
equation with two variables. On the other hand, the Kolmogorov forward and backward equations for vectors (probability

distributions or expectations) involve M equations, or in the infinite-state case, behave like an equation with respect to one
variable.
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Poisson (counting) process as fundamental example of continuous-time Markov chain
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From the definition, we see that this Poisson counting process spends a random time at each value before
increasing the value by 1, and the amount of time spent at each value is identically distributed because the
birth parameters are the same at each value, and are independent because of the strong Markov property

which we will explain a little bit later.

Before explaining the deeper subtleties, let's do some easy calculations.

What is the probability distribution for the Poisson counting process at a future time t? We'll use the
Kolmogorov forward equation for evolving the probability distribution:
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A few tools to keep in mind when working with the infinite system of linear equations that tend to result from
Kolmogorov equations: ~ — t—

o Laplace transforms a [Z)T/ S;/ ® ﬁ [{ Jé ,(é 2 ?

O probability generating functions J
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Probability generating function approach is useful when the equations have a recursive structure. Our equations do

have a recursive structure but the recursive structure is so easy that just doing a Laplace transform in time is already
going to simplify the problem enough.
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The Laplace transform in time will convert differential equations to algebraic equations, and the fact the equations are
constant-coefficient (don't depend on time) mean that taking the Laplace transform is straightforward.
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Invert Laplace transform by:
o look upin a table
o Bromwich contour integration in the mpl
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More examples with exactly solvable Kolmogorov equations in Karlin & Taylor Sec. 4.1

What are the implications of the results we derived for Poisson counting process?
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This tells me that To is an exponentially distributed random variable with mean I/A

In more detail, random variables that have an (absolutely) continuous probability distribution can be
described in terms of a probability density function (PDF):
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Exponentially distributed random variable with mean /Vl has PDF
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which agrees with the formula for an exponentially distributed random
variable with mean | /23 .

One can show, by essentially repeating the calculation that for any state j and any time t', the random variable defined by
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(the random amount of time one must wait after time t' until the Poisson counting process moves to a
new state)

is also an exponentially distributed random variable with mean l /) \

Another key observation: If we interpret X ('a
as the number of events that occur up to time t, it is given by a Poisson

distribution with mean
L]
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There are deep reasons why the exponential distribution and Poisson distribution are the ones which appear in describing the statistics of
the Poisson counting process. They have direct connections to the Markov property.

Let's consider why the time to wait until the next event (jump) is exponentially distributed. Recall that we are dealing with a
time-homogenous Markov process. Again, we define T as above to the be the waiting time until the next event (jump).
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By the Markov property applied to the time instant t'+s as the current time, this conditional probability must be
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The Markov property (along with tZﬂe-homog}neity) says the

function 6, C{\ ~ T) k
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One can show that the only solution to }\\ &

this equation is exponential: G/ 66\ ‘F:'/‘ S UL )S ? ().

Karlin and Taylor Theorem 4.2.2
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