
Probability generating functions are particularly useful for dealing with 
sums of independent random variables.

This nice relationship between summing independent random variables and multiplying generating 
functions greatly simplifies calculations done directly in terms of probability distributions, where one 
would instead have convolutions.
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Note in particular that if we choose

which agrees with the direct calculation from last time.

This technique underlies the proof of the central limit theorem.  

What about sums of independent random variables with a random number of 
terms in the sum?

branching processes (random number of agents each give rise to a random number of offspring)ƺ

total damage or costs incurred by catastrophic events (random number of events each creating a 
random amount of damage)

ƺ

in ecology, the total number of births to a species in a region (random number of litters, each with a 
random number of kittens/puppies)

ƺ

Applications:

Repeating the first steps in the above calculation:

Can't immediately bring the product outside of the expectation because 
it involves a random number of terms.

Strategy to proceed is to break up the average into successive averages 
over the two classes of random variables.  First average of the Yj and 
then average over N.  

The formal way to do this is through conditional averaging.
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The formal way to do this is through conditional averaging.

(still depends on the random variable N upon which we are 
conditioning, but all the other random variables have been averaged 
out.)
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From this relationship, we can compute arbitrary statistics involving the random 
sum in terms of the statistics of the underlying random variables in the summands 
and the limit of the sum.

The more pedestrian way to have pursued this proof is to write the law of total 
expectation as follows:

and then the steps mirror what was done with more formal expression 
above.

Example:  

Interpretation is that a random number of opportunities arise, and each opportunity is classified as 
success or failure, what is the probability distribution for the number of opportunities which 
succeeded?
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Given the probability generating function, we can compute 
probabilities and moments by routine calculus exercises.

Note that it has exactly the form of the probability generating function 
for a Poisson distribution with mean mp.  Since, under reasonable 
conditions, probability generating functions are in one-to-one 
correspondence with probability distributions, this implies that Z does 
indeed have a Poisson distribution with mean mp.  

Application to branching processes

We're interested in knowing, for example, the probability distribution 
for the number of agents at epoch n.

By induction
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By induction

These probability generating functions are easily evaluated using recursion on a computer.
Basic statistics are also not difficult to calculate analytically.

This is pretty obvious but with a little more work, this can be 
generalized to get results for the variance.
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Long-time properties of branching processes

First question:  What are the classes?

0 is an absorbing state so it forms its own (positive) recurrent class.
Under generic conditions the rest of the states form a communication class, 
but in any case, they are all transient because from any state, one can reach 
the absorbing state 0 in one step.  

So the interesting states are all transient.  What does this mean qualitatively?
Either the system must grow indefinitely or go extinct in each realization.  

For a given branching process model, what is the probability of extinction 
(or equivalently, indefinite growth)?

Á

When the branching process goes extinct, how long does it take?Á

We'll answer the first one in class and leave the second for a homework 
problem.  

This raises the questions:

Consider 

There's a simple relationship between a(k) and a(1).
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Use first step analysis:  sum over partition of all possible 
events at the first step

That means that the probability for a single agent to go extinct must be 
a root of this equation.  Well does the equation have one root or more?
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Let's dispense with some boring cases where
ω

ω

Otherwise, if 

This leaves two graphical possibilities:

For the case where the mean number of offspring is greater than 1, we have two roots, but it turns out 
that the nontrivial one is the correct one giving the probability for extinction.

See the references for the technical argument.
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