Sequences of independent, identically distributed random variables

Thursday, September 04, 2008
12:04PM

Office hours:
Tuesdays 3-4 PM
Wednesdays 3-4 PM

Homework 1 should be posted Friday, September 5 and due Monday,
September 22.

Remark: Often times, one discusses random variables without making
explicit reference to some mysterious "probability space" Q.
When this is done, what you can think of is that the state space S is the

same as the probability space Q.

Examples: Random variables on a finite state space; simplify specify the

probablllty F{ X‘ \ = FZZ{X%\

ﬁf oach €5 with

z (7

v &S

ALl TG

;7 77

Poisson distribution: § .é {ﬂé . S
dﬂz(@ = i (Jaﬂ/z’h 51L4rl€ S/¢w>

wK

LS e 9
% e /\/Ifﬂf‘fm‘ef""“

T{&‘\"\\L’lll‘ﬂ/’“
01 3

5»‘7~\\' | X

ﬁ EX=<X> ww)
Vneboron  dichrid b

X~ J(Led))

Fhﬂfvb?"f/{ 4 %

= L4h).
F(Q SE@A_%JX

/> Ffu}aé ik
B hJ) 7Lﬂﬁ/\
/N ﬁ%

New Section 1 Page 1



/N [7§F)
ey 6N

< Nd_J

[

“ b
This is a continuous state space, so probabilities must come from integrating
(probability density function), not from summing probabilities for individual

values.
fz(i%5> = X(X:x
Remark: Could also take z |

And then just include an indicator function of the interval Ca LD
In the probability density function.

Remark: Can define uniform distribution over any reasonable domain, even
in multiple dimensions similarly.
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Gaussian (normal) distribution: don't think we'll need it in this class...

Now let's consider an elementary stochastic process which is simply a
collection of independent, identically distributed random variables
(continuing from the last lecture).
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Examples: /
Simple model for a DNA sequence, under hypothesis that the
particular nucleotide (A,C,T,G) at one location does not have
any connection with nucleotides at other locations.
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Consider a server which keeps track of the number of service requests
in each regular time period (each day)
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Consider a sequence of time intervals between important events

(decays from a radioactive nucleus, arrival of a new service request,
arrival of a bus in a poorly managed transportation system)
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(also typical to take an exponential
distribution for these interevent
times...Poisson process)

Consider observations of a microparticle undergoing Brownian motion
At regularly spaced time instants nd t
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nz) Typically modeled as a sequence of
independent, identically distributed Gaussian
random variables

The nice thing about sequences of independent random variables is
that you can basically compute everything explicitly.

Now we will move to more nontrivial stochastic processes presently,
but you will see that typically these stochastic processes are somehow

built up from sequences of independent random variables (usually). It's
this connection which makes computations possible.

Finite state, discrete time (FSDT) Markov chain

Lawler, Ch.1
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There are two fundamental (and equivalent) ways of characterizing and
defining a FSDT Markov chain.

Stochastic update rule: (Resnick Sec. 2.1)

Specify functions 7/; C ;/ 23 Suih /’Z.v')\
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Intuitively, the stochastic update rule says that given the history of the
stochastic process (Markov chain) up to time step (epoch) n, the next
value of the Markov chain at epoch n+1 is obtained by applying a
certain updating function f, to the current state (at epoch n) and some
independent noise source.
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Usually, we will be interested in the special case of time-homogenous

Markov chains where the dynamics do not depend explicitly on the
epoch (f, = 1).
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A sequence of independent, identically distributed random variables on a finite
state space is a special case of a Markov chain with a simplified stochastic

update rule: /Z \
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Now let's consider Markov chains from the more classical point of view.
Finite-state, discrete time Markov chains are defined to be those

sequences of random varjables with finite,state space S M}
On time domain T = or ;t e

Such that the Markov proper@ holds "’f’[’“ﬂ’L 74"’ 7,"' Part
7

PCX,, e g | Koviy 5, By, 0

he) ™ J 2, &n T n

= V(X:nh:\))x;f (15

Intuitively, one formulation of the Markov property says that given the
present state of the system, further information about the past is
irrelevant for predicting the future.

Another formulation which can be proven to be equivalent:

Let To be a subset of "past times" and T; a subset of "future times"
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Given the present state of the system, the future is (conditionally)
independent of the past.

()

This formulation of the Markov property helps to show that there really isn't a
direction of time inherent in a Markov chain. It turns out for example, that for a
Markov chain (i.e. stochastic property satisfying the Markov property), one can just as
well define a stochastic update rule that runs backward in time. It's not the same
stochastic update rule as the forward stochastic update rule. For more discussion on
this look up "reversible Markov chains." The only thing that really sets a direction of
timeis the imposition of an initial condition.

The Markov property point of view suggests another way to define a Markov chain
model as an (equivalent) alternative to the stochastic update rule. We will focus on

time-homogenous Markov chains. Then to define a Markov chain model, one just
needs to specify two things:

a. Probabilitytransition matrix P ( H)«M)
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b. Initial probability distribution CZj (M eL@m( 1
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The restrictions in defining these objects:

Any arbitrary choice of initial probability distribution and probability
transition matrix satisfying these conditions defines a legitimate time-
homogenous FSDT Markov chain.
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