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Nonlinear Programming, MATP6600/DSES6780
Final Exam, Friday, December 7, 2007.

Please do all four problems. You must show all work to obtain full credit. Results from
class or the text may be used if properly stated. No books or calculators allowed. The exam
lasts one hour and 50 minutes.

Q1 30
Q2 15
Q3 25
Q4 30

Total | 100
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Final Exam C, MATP6600/DSES6780, Fall 2007

1. (30 points) Consider the unconstrained problem
min ¢(z), (P)
where
¢(z) = maxi<icm fi(T),
and each f; is C? from IR" to IR. Note that in general ¢(z) is not differentiable at
points = where the maximum is achieved by two different functions f;.
(a) (7 points) Assume f; is convex and that ¢(Z) = f1(Z). Give a valid linear in-
equality for the objective function in terms of z.
(b) (7 points) Express (P) as an equivalent constrained problem (F') involving only
smooth functions.

(¢) (8 points) If each f; is convex, what can you say about any local solution to (F')
(and hence about any local solution to (P))?

(d) (8 points) Assume constraint qualification holds for the problem (P’). Use the
Karush-Kuhn-Tucker conditions to obtain first order necessary conditions for
to be a local minimizer of (P).
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Final Exam C, MATP6600/DSES6780, Fall 2007

2. (15 points; each part is worth 5 points.) Consider the nonlinear programming problem

min  f(z) = (2z1+1)e™™"
s.t. zy > 0 .

Iy _>_ 0

r € R

Note that the constraints are linear, so constraint qualification holds throughout the

feasible region. The gradient and Hessian of f are given by
zo— 1—2z; 2 — r2£1—“3 1— 224
— p%2—T — %2
Vf € 2371*'r1 Vf € 1"2&,‘”1 2£E1+1
(a) What are the first order necessary Karush-Kuhn-Tucker conditions for this prob-

lem?
(b) Show that there are exactly two points which satisfy the first order necessary

KKT conditions.
(c) Is f(z) convex in the region 21 > 2,22 2 07
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3. (25 points; each part is worth 5 points.) Give counterexamples to the following as-
sertions. (Hint: Counterexamples exist in either one or two dimensions for all the
assertions.)

(a) If x satisfies the first order necessary Karush-Kuhn-Tucker conditions for a non-
linear programming problem, then it must be a local minimizer for that problem.

(b) If z is a local minimizer for a nonlinear programming problem then it must satisfy
the first order necessary Karush-Kuhn-Tucker conditions for that problem.

(¢) Two disjoint sets can be separated by a hyperplane.
(d) The Hessian of a strictly convex function is positive definite everywhere.

(e) Newton’s direction is always a descent direction.
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4. (30 points.)
Consider the problem

min, ¢z
st.  Azx =0 (CP)
z. € K,

¢

where z and ¢ are n-vectors, b is an m-vector, A is an m X n matrix, and /& is a convex

self-dual cone.

(a)

(15 points) A Lagrangian relaation.of .(C'P) is:

ming fz + vT(b— Az)
s.t. r €.K (LR(v))

where v is an m-vector. Show that the Lagrangian dual problem can be written:
max, - vy

st. ATy + s = ¢ (LD)
s € K

(15 points) A barrier formulation for the problem (CP) is

min, £z — pf(zx)
st. Az = b (BCP(u))
o x € K

where p is a positive scalar and f(z) — —oo as x approaches the boundary
of K. Show that the first order KKT optimality conditions of (BCP(u)) can be
expressed as primal feasibility, dual feasibility, plus a complementary slackness
condition of the form

s = uVf(z).




