Chapter 4

Exercise Solutions

4-1. (a) z;2 cases shipped to region j,

max 1.60z; + 1.40z; + 1.90z3 + 1.20z4 (total
profit), s.t. 3°3_; z; = 1200 (60% of 2000 avail-
able), 310 < z; < 434 (50% to 70% of NE de-
mand), 245 < z; < 343 (50% to 70% of SE de-
mand), 255 < z3 < 357 (50% to 70% of MW
demand), 190 < z4 < 266 (50% to 70% of W
demand)

(b) 27 = NE = 408, 23 = SE = 245, 23 =
MW = 357, 2 = W = 190

4-2. (a) z; ;2 hours of designer ¢ on project j,
and let s; ;2 scores in table, r;2 requirements in
table;

max Y o-; 351 Sij%i; (max total score), s.t.
Zf._:l z;; = 80,1 =1,...,3 (80 hours for each
designer ), 33 ,zi; = rj, 7 = 1,...,4 (re
quirements for each project j), z;; > 0, ¢ =
1,...,3,j=1,...,4

(b) Nonzero values are z7; = 70, 27, = 10,
z3,=40,233="5,23,=3523,=80

4-3. (a) z;2 fraction of ingredient j;

min 200z; + 150z2 + 100z3 + 75z4 (min total
cost), s.t. Z‘;ﬂ z; = 1 (blend fractions sum to
1), 60z + 80z + 5523 + 40z4 > 60 (min % pro-
tein), 50z, + 70z, + 40z3 + 100z4 < 60 (max %
fat), 90z; + 30z2 + 60z3 + 80z4 > 60 (min %
fiber)

(b) The 3 main inequalities, which control prop-
erties of the blend.

(¢) z7 = oats = 157, z3 = corn = 271, 23 =
alfalfa = 401, z3 = hulls = 171

4-4. (a) z;2 the fraction of gasoline j;

min 48z, + 43z, + 5823 + 46z4 (min total cost),
st. Yi_;z; = 1 (blend fractions sum to 1),
85 < 99z, + 70z2 + 78z3 + 91z4 < 90 (1st qual-

ity index of blend within limits), 270 < 210z; +
335z, + 280z3 + 26524 < 280 (2nd quality index
of blend within limits), z; >0, 7 =1,...,4

(b) The 4 main inequalities, which control prop-
erties of the blend.

(c) 2% = .176, =} = .353, =3 = .000, 2§ = .471

4-5. (a) 45 Y7, %; < Yljiainz; < 48
Yz i=1,...,n

(b) 90Y %, zine < Dy GikTing
2?;1 Ti,14, k= 5,...,9

(¢) X ai15%i15 > 116 372 T4 15

(d) X082 ; <873 5y Zij,i=1,...,n
(e) 7Tz1; <3Y%32i5, 7 =6,...,11

(f) 3234’]' = 21!7’]', j = 1, vy T

(g) 3 2?:3 E?=1 Tij > 2 ieg 2?:1 Ziyj

(b) Yo 213, < 05302 30 %4

4-6. LP’s are much more tractable than ILP’s,
and the error resulting from rounding off frac-
tions is usually minimal when decision variable
magnitudes are greater than 1 or 2.

< 9

4-7. (a) z;2 the number of cuts with pattern j;
min .34z 4+ .22z5 + .27z3 (min total waste), s.t.
2z + 1z3 > 37 (large disk production), 5z, +
3z3 > 211 (small disk production), z; > 0, j =
1,...,4

(b) z3 = 147.4, 23 = 0.0, 23 = 21.1

4-8. (a) z;2 units of model j;

max 16z + 9z + 2723 (max total profit), s.t.
.10z + .10z 4+ .25z3 < 20 (molder capacity),
.35z + .15z + .40z3 < 60 (decorator capacity),
.08z, + .03z2 + .05z3 < 20 (packager capacity),
T1,T2,Z3 2 0

(b) z} = santas = 147.4, zj = trees = 0.0,
z3 = houses = 21.1
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4-9. (a) max 30z, + 45z, (max total profit), s.t.
-30zy +.30z2 + .10z3+ .15x4 + .50z5 < 80 (labor
hours available), 1.5z3 + 2.5z4 < 500 (leg stock
available), z3 = 4, (short leg balance), z4 =
4z, (long leg balance), z5 = z; + z2 (table tops
balance), z; >0, j=1,...,5

(b) The 3 equalities, which equate needed and
available numbers of parts.

(c) 21 = 27.8, 25 = 33.3, 23 = 111.1, = = 133.3,
zz = 61.1

4-10. (a) max 5z; + 7z; (max total profit),
s.t.  .26z; + .30z < 200 (assembly capac-
ity), .005z3 + .007z4 + .002z5 < 40 (fabrica-
tion capacity), zz3 = 3z; (standard separator
balance), z4, = 3z, (extra-long separator bal-
ance), zs = 10z, + 18z, (cross piece balance),
z;20,7=1,...,5

(b) The 3 equalities, which equate needed and
available numbers of parts.

(c) z7 = 0.0, 3 = 666.7, z3 = 0.0, 2} = 2000,
3 = 12000

4-11.  (a) 2;1:1' Tip =
2Rm1 Dp=1 GikThp, 1= 1,...,m
(b) ZZ=1 Tigp = dip+2fey EZ=1 Qi kTk,pgs 1 =
1,....m,p=1,...,n

T .
p=1 d"yp +

4-12. (a) z;2 number with 5 days starting
Sunday,..., z72 number with 5 days starting
Saturday;

min 217-.__1 z; (min total officers), s.t. z1 + 74 +
Ts+ 26+ 7 > 8 (cover Sun), z; + z2+ 25+ z6+
z7 > 6 (cover Mon), z; + z2+ 23+ 26+ 27 > 6
(cover Tue), z1 + T2 + 23 + x4 + z7 > 6 (cover
Wed), z1 + z2 + 23 + 24 + z5 > 6 (cover Thu),
T2+ 23+ T4+ 25+ 26 > 10 (cover Fri), 23+ z4+
T5s+ze+x7 > 10 (cover Sat),z; >0, 7 =1,...,7
(b) All main constraints, which assure coverage
on different days.

(c) =1 = 0.0, z5 = .67, 2} = 2.0, z} = 2.67,
23 =20, =} = 2.67, 2% = .67

4-13. (a) z;2 number starting 5 A.M.,.. ., zg2
number starting 10 A.M.,

min 2871 428z2+ 2823+ 24z4+ 2425+ 2426 (min
total payroll), z; > 2 (cover 6 AM.), z1+z2 > 3
(cover 7 AM.), z1 + 22+ z3 > 5 (cover 8 A.M.),
1+ Z2+ 23+ 74 > 5 (cover 9 AM.), zo + 23+
T4+z5 > 3 (cover 10 A M.), z3+z4+z5+26 > 2

Optimization in Operations Research

(cover 11 AM.), z4 + x5 + z¢ > 4 (cover noon),
z5+7z6 > 6 (cover 1 P.M.), z¢ > 3 (cover 2 P.M.),
z; > 0, j= 1,...,6

(b) All main constraints, which assure coverage
at different times.

()23 =5,25=0,23=0, z; =0, 2} = 3,
zg=3

4-14. (a) ;2 investment in option j, year ¢;
max 1.05z;,4 + 1.12z33 + 1.21z3; (max final
value), s.t. 10 = z1; + z21 + 23, (year 1 bal-
ance), 1.052;,1+10 = 21 5+22 2 (year 2 balance),
1.0521’24— 1.122?2,1 +10= T13+ 223 (year 3 bal-
ance), 1.05z;,3+1.1222 2 = 21 4 (year 4 balance),
all variables nonnegative

(b) All main constraints, which equate available
and invested funds. ,

(c) 4 years, the fixed time period over which de-
cisions are to be made.

(d) Nonzero values are 231 =23, =10, 235 =
z] 4 =212

4-15. (a) z:2 production in quarter ¢, z2 end-
ing inventory in quarter ¢;

min 153 %.; 2 (min total inventory cost), s.t.
z4 + z1 = 2800 + z; (quarter 1 inventory bal-
ance), z; + z2 = 500 + 2, (quarter 2 inventory
balance), z; + z3 = 100+ z3 (quarter 3 inventory
balance), 23 + z4 = 850 + z4 (quarter 4 inven-
tory balance), z; < 1200 ¢ = 1,...,4 (capacity
in quarter t), all variables nonnegative

(b) All main constraints, which equate available
inventory and production to demand and future
inventory.

(¢) Inventories wrap around at the end of the 4
quarter period so operations continue forever.
(d) 27 = z3 = z = 1200, =} = 650, z} = 0,
z3 = 150, z3 = 1250, z; = 1600

4-16. (a) X aixzis < b, k= 1,...,q, t =
1,...,n

(b) 72, %2; <200, t=1,...,n

(C) Ti1 = di,l + 21, i=1,...,m

(d) Zit-1+ Tit = d'i,t + 25ty 1= 1,. cmyt =
2,...,n-1

4-17. (a) w} 4 over-estimation on point 7, wy &
under-estimation on point j;

min 35, (w;' + w;) (min total deviation), s.t.
Bo+ 21 = 1+ wl — w] (deviation for level 2),
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Po+ 361 = 3+ wi — w; (deviation for level 3),
Bo+ 561 =3+ wi — w3 (deviation for level 5),
Bo+T76, =5+ w;" — wy (deviation for level 7,
all variables nonnegative

(b) 85 = .000, Bf = .714, nonzero over wt* =
429, w3 = .571, nonzero under w3 = .857
(c) w*+wi* = 429, w4+ w;* = .857, w3+
wy™ = 571, wf* + w* = .000

4-18. (a) z2 box location, w}2 right or x-
length to j, w; 2 left or x-length to j;

min 2?:1 (wj' + wJ') (max total x cable, y be-
ing fixed), s.t. 5 = 2+ w{ — w; (x-displacement
to (5,8)), 10 = z + w} — w; (x-displacement to
(10,15)), 25 = z + wi — w; (x-displacement to
(25,10)), all variables nonnegative

(b) z* = 10, nonzero runs wi* = 15, wi =5
(c) (optimal x-displacements) + (fixed y-
displacements) = (5 + 15) + (8 + 15 + 10) = 53
feet

4-19. (a) 22
estimation on point j, wj’é under-estimation on
point j;

min z (minmax deviation), s.t. By + 28; =
1 + wi — w] (deviation at level 2), Bo +
361 = 3 + wi — w; (deviation at level 3),
Bo+ 561 =3+ wf — w3 (deviation at level 5),
Bo+ TP = 5+ wf — wy (deviation at level 7,
z 2> w;.", J=1,...,4 (max deviation < j over),
z 2wy, j=1,...,4 (max deviation < j under),
all variables nonnegative

(b) B; = .333, Bf = .667, 2* = .667, nonzero
over wi™ = w}* = .667, nonzero under wy” =
.667

(c) wi* + wi™ = .667, wi* + wy* =
wi* +w3* = .667, wi* + wi* = .000
4-20. (a) z2 box location, z2 longest cable,
w} A right length to j, w; 2 left length to j;
min z (min max cable), s.t. 5 = z + wf — w]
(x-displacement to (5,8)), 10 = z + wi — wy
(x-displacement to (10,15)), 25 = z + wl — wy
(x-displacement to (25,10)), z > 8 4+ wi + wy
(max > cable to (5,8)), z > 15+ w} + w; (max
2 cable to (10,15)), z > 10 + wF + w; (max >
cable to (25,10)), all variables nonnegative

(b) z* = 15, 2* = 20, nonzero runs wi* = 10,
wit =10, w;* =5

largest deviation, wf2 over-

667,
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(c) (optimal x-displacements) + (fixed y-
displacements) + (10 + 10+ 5) + (8 4 15+ 10) =
58 feet ’ _
4-21. (a) min Z?=1 cjz; (min total cost), s.t.
Z?=1 a;;T; > ri,t=1,...,7 (meet requirements
for size ¢); z; < wj, j=1,...,5 (available from
supplier j); all variables nonnegative; where the
a;,; are the yield fractions in the table, c; the
costs, and u; the availabilities; the r; are the
given requirements.

(b) 2} = 18.75, 2} = 125.00, 23 = 150.00, 2] =
650.00, z7 = 0.00

4-22.(a) min 33, Y41 .05v;h;, (min total in-
ventory holding cost), s.t. Y-3_;t;z;, < 1150,
g=1,...,4 (production time capacity in quar-
ter t); higo1 + 219 = 74, + hig,g=1,...,4
(element 1 balance in quarter g); haga+2z30=
4249+ 8259+ hag, g =1,...,4 (element 2 bal-
ance in quarter q); hz g1 4 234 = 254 + ha,
g =1,...,4 (element 3 balance in quarter q);
hago1+ 2aq= 254+ hsg,g=1,...,4 (element
4 balance in quarter g); hs g1 + 25, =1, + hs g,
g = 1,...,4 (element 5 balance in quarter q);
all variables nonnegative; where v; and t; are the
values in the table, the r, are the quarterly de-
mands, and ¢ — 1 is taken as 4 when ¢ = 1.

(b) Nonzeros zj; = T2 = i3 = 8333,
214 = 500.0, 23, = 23, = &}, = 10000.0,
234 = 6000.0, 23, = 23, = 23, = 833.3,

z§'4 = 500.0, “’2,1 = x;,z = zz,s = 833.3, x;,‘l =
500.0, 23, = T5o = T35 = 833.3, z5 4 = 500.0,
th = 533.3, hg,z = 166.7, h§,4 = 200.0

4-28. (a) min T7, (g + (6 - £)(55 - ¢;) /
(- ;j)) (min sum of interpolated task costs),
s.t. 53 2 52 +1t3 (2 precedes 3); 54 > 51 +1#; (1
precedes 4); s4 > sy + t; (2 precedes 4); s5 >
53+ t3 (3 precedes 5); sg > s3 + 3 (3 precedes
6); s7 > sq+ ty (4 precedes 7); sj +1t; < 40,
J =1,...,7 (task j complete within 40 days);
5520,j=1,...,7;t; 20,5 =1,...,7; where
t; and Z; are the given min and max times for
task j, and ¢; and ¢; are the corresponding min
and max costs.

(b) sT =53 =0,55=8, s} =12, st = s5 = 24,
s = 32, t1=12,85 =t =8, t3 =t} =t = 16,
3 =20
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4-24. min i Yj-;¢ij2i; (min total storage
cost), s.t. Y j_;&i; = bi, i = 1,...,4 (all title
i’s are stored); 3z11 + 2(212 + T22) + (T13 +
Z33 + 233) < 500 (up-to-100 bins available);
St 74 < 2000 (large bins available); all vari-
ables nonnegative

4-25. min Y22, mez. + bY 32 ya (min to-
tal maintenance cost and bulk sale loss); s.t.
12 pacr. = ra+ya, d = 1,...,12 (milk bal-
ance in month d); all variables nonnegative

4-26. min Y32, 70 pWmTmyp (min total
waste), s.t. Yoovoy 37060 PlimTmp = iy 1 =
1,...,75 (satisfy demand for fabric part ¢); all

variables nonnegative

4-27. min 124, T8 -1 I8 Gim,%im,; (min to-
tal cost), s.t. 8 =1 E}.l__sl ZTimj < Sip, t =
1,...,24 (supply limit in mining region i);
21221 UG mTim,; = dm,jv m = 1,...,8, J =
1,...,113 (demand for coal type m in region j);
all variables nonnegative

4-28. min Y23, ciz: (min total daily payroll
cost), s.t. E§-=t_8 Ty — E;‘;?—s Yig = e, t =
0,...,23 (cover hour t); Ef:fH Ygi = Ty, t =
0,...,23 (shift ¢ lunches); all variables nonnega-
tive; where hour subscripts j,t<0 are interpreted
as j+24,t+24 and those j,t>23 are interpreted
as j—24,t—24

4-29. min Y18, (df + d7) (min total over and
under satisfaction of demand), s.t. s;-1 + ¢ =
wy+ 8;, t = 1,...,18 (define so = 120) (storage
balance in time period t); w; — df +d; = 1y,
t=1,...,18 (actual vs. ideal deviations in time
period t); s: < u, t = 1,...,18 (storage limit in
time period t); all variables nonnegative

4-30. max Y22, T2, pi;zi,; (max total present
worth of revenues), s.t. Y 22 a;z;; < 150,
j=1,...,5 (sector j at most 150 thousand sqft);
n; < Zj:l z;; <@, ¢ =1,...,20 (number of
stores of type i between specified min and max);
f. < Z?=1 a;z;; < fii=1,...,20 (total area
for stores of type 7 between specified min and
max); Y2, 2?=1 cia;z;; < b (total finishing al-
lowances within budget); all variables nonnega-
tive.
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4-31. min T2, YV Yoo CissYist,s (min
total misapplication trim loss cost), s.t. 3} 70,
S %ijs <1,5=1,...,n (furnace j at most
100% allocated); 3°7_; @j,s%ij,s = 2os'<s Yirsis' T+
Ys>sYigs = bigy 1 = 1,...,my s = 1,...,p
(meet net demand for alloy ¢ and size s); all vari-
ables nonnegative

4-32. min 5,252 2z, (min total hours
worked), s.t. e ZZ:h—(l—l) Tke 2 Thy
h = 0,...,23 (provide coverage in hour h);
}:??:0 zhe < by, £=2,...,5 (total working shift
length ¢ within number willing), all variables
nonnegative; negative hour subscripts k are in-
terpreted as k + 24

4-33. min 70, 30, (d;','j-}-d,-’,j), (min total
gray-scale deviations), s.t. b jzi; + df; —d; =
gij, i =1,...,m, j = 1,...,n (predicted vs.
transmitted for pixel (¢, j)); all variables nonneg-
ative

4-34. max Y32, z; (max total allowed to enter),
s.t. Z?il fijz; < b, i=1,...,23 (at most ca-
pacity on segment ); g; + d; — z; < u; (ending
queue at point j within limit), 7 = 1,...,38;
z; < g; + d; (entering at j at most queue plus
demand), j = 1,..., 38, all variables nonnegative

4-35. min 308, 718, £ (di’j +d; j) (min total
flow-distance), s.t. z; < zj31 —~ 25, 1 =1,...,18
(cell ¢ width at least specified min); 219 < 1000
(last cell within building width); y. < v < 194,
i=1,...,18 (cell 7 depth at least lower limit and
at most building size); p. < 2(zit1—zi+¥i), i =
1,...,18 (cell i perimeter at least lower limit);
5(z; + zig1) — Bz + 2j41) = d;‘:j ~di; 4,5 =
1,...,18 (I/O station to I/O station distances
between cells ¢ and j); all variables nonnegative

4-36. max Y0, Thoq rissik + Lo @ihi (max
total profit + ending asset value), s.t. h; + ¢; —
Y%  zir = hi, i = 1,...,8 (inventory balance
at pile i); s; < Y8 %k <B k=1,...,25
(customer k shipped an amount between spec-
ified min and max contracted); p, Y2,z <
Yoy biTik < P e Tiks K = 1,...,25 (cus-
tomer k BPL blend within specified min and max
contracted); all variables nonnegative
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4-37. min o (min step to a collision), s.t. a;z +
biy+cz < di, t = 1,...,19 (collision point
(z,y, 2) should be within the object, i.e. satisfy
all defining constraints ©); p;(z — e Az) + ¢;(y —
aAy)+ri(z~alAz) < sj,j=1,...,12 (collision
point (z, g, z) should be within the moving robot
link, i.e. satisfy all defining constraints j at its
original position); a > 0. Infeasible indicates no
common point within a nonnegative step a and
thus no collision.

4-38. max Z}Oﬂ 5?:1 PfmTfm

- 32 cyi (max total profit less labor cost),
st. X z4m < bg, f=1,...,10 (a,va.ilabil-
ity of species f); Z}Olafmzfm < Uy, m =

1,...,20 (max1mum total sales at market m);
Z:f IZm—l hf,m iLfom = Ui, 1= 1 3 (WOl‘k
station ¢ hours balance); y; < ¢, i = 1,...,3

(work station ¢ hours available); all va_rlables
nonnegative

4-39. max 1121 T22, Th%1 They Pigkeriisn
(max expected total target value killed) s.t.
S TR Tt Tijke [ Sijre S @ity i =
1,...,10 (a.lrcraft type i required within current
+ new); T2 T2 Xhen bikezigke < itz
j=1,...,25 (mumtlons type 7 required within
current + new); 310 2_1 DijktTigke < the,
k=1,...,15 £ = 1,...,8 (expected targets k
killed during weather Z cannot exceed the avail-
able); 312 ciys + X125 djz; < 100 (total pro-
curement of aircraft and munitions within bud-
get); all variables nonnegative

4-40. max Z: =1 ( pw + Zz:O(stztt + iy -
iz 1)) (max total sales + allowances - purchases
- repurchases), s.t. 2o+ yo: S wy, t=1,...,13
(sales of new tractors in time period ¢ at most
new purchases); Z?=0 Yie L w, t = 1,...,13
(tradeins of tractors in time period ¢ at most new
purchases); fi: + zi: — zig = fit41,¢=0,...,9,
t = 1,...,12 (tractor balance of age 7 in time
period t); fi13+Zi13— 213 = fit11,¢=0,...,8
(tractor balance of age ¢ in ending time period
13); fo13 + o,13 — 2013 = 0; £ < S50 fin < u,
t=1,...,13 (fleet size in period t between min
and max limits); all variables nonnegative
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