Chapter 3

Exercise Solutions

3-1. (a) x(1) is feasible and only a local max be-
cause all constraints are satisfied and no nearby
point has better objective value, but there are
better such as (1,3). x(? is infeasible and thus
no sort of optimum because it violates constraint
z9 > 0. x(3) is feasible because it satisfies all con-
straints, but no sort of optimum because it can
be improved in the neighborhood. x(#) is feasi-
ble and both a local and a global max because it
satisfies all constraints and has better objective
value than any other point in the feasible region.
(b) x(1) is infeasible and thus no sort of optimum
because it violates constraint z; + zz < 4. x(2)
is feasible and only a local min because it sat-
isfies all constraints and cannot be improved in
the neighborhood, but there are better feasible
points such as (2,1). x(® is feasible because it
satisfies all constraints, but no sort of optimum
can be improved in the neighborhood. x() is fea-
sible and both alocal and a global min because it
satisfies all constraints and has better objective
value than any other point in the feasible region.

3-2. (a) y = (2,0,5)+2(3,-1,0) = (8,-2,5),
y® = (8,-2,5)+ 5(-1,2,1) = (3,8,10), y® =
(3,8,10) + 1/2(0,6,0) = (3,11,10)

(b) y) = (2,0,5) + 3(-1,4,1) = (-1,12,8),
y® = (-1,12,8) + 1/3(0,3,-6) = (-1,13,6),
y® = (-1,13,6) + 1(1,1,1) = (0,14,7)

3.3. (a) Awl) = (4,-1,7) - (0,1,1) =
(4,-2,6),

Aaw® = (4,-3,19) - (4,-1,7) = (0,-2,8),
Aw® = (3,-3,22) — (4,-3,19) = (-1,0,3)
(b) Awd) = (2,2,7) - (9,0,3) = (=7,2,4),
Aw® = (3,6,7) - (2,2,7) = (1,4,0),

Aw® = (3,9,8) - (3,6,7) = (0,3,1)

3-4. (a) Nonimproving because the objective
value worsens in the neighborhood along this di-
rection. (b) Nonimproving because the objective
decreases in the neighborhood along this direc-
tion. (c) Improving because the objective im-
proves in the neighborhood along this direction.
(d) Improving because the objective improves in
the neighborhood along this direction. (e) Non-
improving because the objective value worsens in
the neighborhood along this direction. (f) Non-
improving because the objective value worsens
in the neighborhood along this direction.

3-5. (a) Feasible because movement along this
direction retains feasibility in the neighborhood.
(b) Infeasible because any movement along this
direction produces infeasibility. (c) Feasible be-
cause movement along this direction retains fea-
sibility in the neighborhood. (d) Feasible be-
cause movement along this direction retains fea-
sibility in the neighborhood. (e) Infeasible be-
cause any movement along this direction pro-
duces infeasibility. (f) Feasible because move-
ment along this direction retains feasibility in the
neighborhood.

3-6. (a) (4— 1) —2(0+3X)+3(6—2X) < 25is
satisfied for all positive A; (4—1X) > 0 is satisfied
for A < 4; (0+3)) > 0 is satisfied for all positive
X; (6 —3)) > 0 is satisfied for A < 3. Thus the
proper step is A = min{4,3} = 3. The model is
not unbounded because this A is finite.

(b) (9 —3X) — 2(4 - 3)) +3(6 + 9)) < 25 is
satisfied for A < 1/5; (9 — 3)) > 0 is satisfied
for A < 3; (4 — 3)) > 0 is satisfied for X < 4/3;
(6 +9X) > 0 is satisfied for all positive A. Thus
the proper step is A = min{1/5,3,4/3} = 1/5.
The model is not unbounded because this A is
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finite.

(€) (0+1A)—2(0+3A)+3(4+1A) < 25 is satisfied
for all positive A; (04 1)) > 0 is satisfied for all
positive A; (0+3X) > 0 is satisfied for all positive
A; (4+1)) > 0 s satisfied for all positive A. Thus
A = +00, and the model is unbounded.

(d) (16 — 4X) — 2(2+ 0X) +3(1+3)) < 25 is
satisfied for A < 2; (16 —4X) > 0 is satisfied for
X < 4; (2+0)) > 0 is satisfied for all positive A;
(14 3X) > 0 is satisfied for all positive A. Thus
the proper step is A = min{2,4} = 2. The model
is not unbounded because this A is finite.

3-7. (a) Vf(2,-3,4,0,6) = (4,0, -2,0,1) and
Vf-Ay = (4,0,-2,0,1)+(2,-3,4,0,6) = 6, s0
improving for a maximize.

(b) Vf(2,0,8,11,-3) = (0,-1,8,6,0) and
Vf-Ay = (0,-1,8,6,0)+(2,0,3,-1,0) = 18
£ 0, so nonimproving for a minimize.

(¢) VF(3,-1) = (-1 + 2(3),3 + 4) and
Vf-Ay = (5,7)+(-7,5) = 0, so more infor-
mation is needed.

(d) VFf(-1,1) = (-1 + 2(3),3 + 4) and
Vi-Ay = (5,7)(-1,1) = 2 £ 0, so nonim-
proving for a minimize.

(e) VF(4,1) = (2(4-5),2(1+1))and Vf-Ay =
(-2,4)-(~1,2) = 12>0, so improving for a max-
imize.

{f) Vf(2,3)=(2(2-5),2(3+1)) and Vf-Ay =
(—6,8)+(8,—6) = 0, so more information is
needed.

3.8. (a) Aw = Vf(2,0,5,1) = (3,~2,0,1)
(b) Aw = — vf(1,1,7, -1 = (—4,0, -1,5)
() Aw = - Vf(3,2) = ~(2(3+2) —~2,-3) =
(—8’3)

3-9. (a) (4 —2)2+ (0 - 1)? = 5<10 so [i] is
inactive; 2(4) — (0) = 8 so [ii] is active; (4)>0 so
[iii] is inactive; (0) = 0 so [iv] is active. (b) (5-
2)2 + (2 — 1) = 10 so [i] is active; 2(5) — (2) =8
so [ii] is active; (5)>0 so [iii] inactive; (2)>0 so
[iv] inactive.

3-10. (a) Active constraints are 3y — 2y2 +
8ys = 14 and gy > 0. For these alV). Ay
= 3,-2,8)+(0,4,1) = 0 and al¥.Ay =
0,1,0)-(0,4,1) = 4 > 0 as required for feasi-
bility.
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(b) Active constraints are 3y; — 2y2 + 8ys =
14 and y; > 0. For the second, a¥.Ay =
0,1,0)+(0,-4,1) = —4 2 0 as required so in-
feasible.

(c) Active constraints are 3y — 2y2 + 8ys
14 and y; > 0. In the first, a). Ay
(3,-2,8)+(2,0,1) = 14 # 0 as required so in-
feasible.

(d) Active constraints are 3y — 2y + 8ys3
= 14 and y; > 0. For these all. Ay =
(3,-2,8)+(0,8,-2) = 0 and a®.Ay =
(1,0,0)-(0,8,-2) = 0 > 0 as required for fea-
sibility.

3-11. (a) Active constraints are 2wy + 3wz =
18, 1w; + 1w, + 2wz = 14, wy 2 0. Thus condi-
tions are 2Aw; + 3Awz = 0, 1Awy + 1 Aw; +
2Awz = 0, Aw; > 0 (b) Active constraints
are 2w + 3wz = 18, 1wy + lwz + 2wz = 14,
w3 > 0. Thus conditions are 2 Aw+3 Aws =0,
1Aw;+1Aw,+2Awz =0, Awz 20 (¢) Active
constraints are 1w; + 1wy = 10 and 2w; — 1wz 2
8. Thus conditions are 1Aw; + 1Aw; = 0,
2 Aw; — 1 Awy > 0 (d) Active constraints are
1wy + lwg = 10 and 1wy — 8wz < 1. Thus condi-
tions are 1 Aw;+1Awy; = 0,1 Aw; —8 Awz <0

3-12. (a) Vf-az() = (4,7):(2,0) = 8>0
and Vf-Az® = (4,7)-(~2,4) = 20>0 as re-
quired for improving directions in a maximize.
(b) With both directions improving at all z, the
only considerations are when directions are fea-
sible. At z(® = (0,0), only Az is feasible
because Az has a-Az?® = (1,0)+(~2,4) =
-2 # 0 for active zy > 0. A maximum feasible
step follows Az(!) for A =2 to z() = (4,0). At
z(1) = (4,0), further pursuit of Az() is infea-
sible, but Az(?® = (—2,4) is feasible. A maxi-
mum feasible step follows Az® for A = 3/4 to
z(? = (5/2,3). At 2(2) = (5/2,3), further pur-
suit of Az? is infeasible, but Az!) = (2,0) is
again feasible. A maximum feasible step follows
AzY for A =1/4 to z® = (3,3). At z®), both
directions are infeasible, and the search termi-
nates.
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3-13. (a) Vf-az®) = (1,1)+(0,-5) = —5<0
and Vf-Az® = (1,1)-(-2,1) = —-2<0 as
required for a minimize. (b) With both di-
rections improving at all z, the only consid-
erations are when directions are feasible. At
z® = (5,3), only Az(!) is feasible because
Az® has a-Az(® = (0,1):(-2,1) =1 £ 0
for active z; < 3. A maximum feasible step fol-
lows Az for A = 3/5 to z(V) = (5,0). At
z() = (5,0), further pursuit of Az{) is infeasi-
ble, but Az(?) = (—2,1) is now feasible. A max-
imum feasible step follows Az(?) for A = 5/2 to
z® = (0,5/2). At 2 = (0,5/2), further pur-
suit of Az(® is infeasible, but Az = (0,-5
is again feasible. A maximum feasible step fol-
lows Az for A = 1/10to 23 = (0,2). At z®),
both directions are infeasible, and the search ter-
minates.

(c)
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3-14. (a) Unimodal because the direction (right
or left) from every « to any other with greater ob-
jective value is an improving direction. (b) Not
unimodal because the (right) direction from lo-
cal minimum z() = 0.5 towards global minimum
23 = 4 does not improve at (1), (c) Unimodal
because the direction Ax from every x to any
other with greater objective value is an improv-
ing direction. (d) Not unimodal because the di-
rection from (0, 5) to better point (1, 3) does not
improve at (0,5). (e) Not unimodal because the
direction from (1,3) to better point (2,1) does
not improve at (1, 3). (f) Unimodal because lin-
ear. (g) Unimodal because linear.

3-15. (a) (3,1,0) + A(-3,3,9), A € [0,1]. Set-
ting A = 1/3 in this expression yields z(3); no A
gives z(4). (b) (2,1,4)+ A(5,~1,-5), A € [0,1].
Setting A = 4/5 in this expression yields z(®); no
A gives z(4),

3-16.
(a)
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violation

From the graph, the set is not convex because
part of the line segment from x(!) = (0,3) to
x(®) = (3,0) lies outside the feasible region.
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From the graph, the set is convex because the
line segment between every pair of feasible solu-
tions lies entirely within the feasible region.

(c) Convex because all constraints are linear.
(d) Convex because all constraints are linear.
(e) Not convex because fractional solutions be-
tween say x(1) = (0, 0,0, 4) and x(?) = (0,0,0, 5)
are infeasible.

(f) Not convex because fractional solutions be-
tween say x(1) = (1,1,0,0) and x?) =(1,1,1,0)
are infeasible.

3-17. (a) Only the first and third constraints
are violated at w = 0. Adding nonnegative
artificial variables w4 in the first and ws in
the third, and minimizing their sum, produces
Phase I model: min w4 + ws, s.t. 40w, +
30wy + 10ws + wy = 150, wy — wz £ 0, 4wz +
ws + ws > 10, wy, ws, w3, we, ws = 0. Setting
wg = 150 — 40(0) — 30(0) — 10(0) = 150 and
ws = 10 — 4(0) — (0) = 10 (or any higher value)
completes a starting (artificially) feasible solu-
tion.

(b) Only the second and third constraints are
violated at w = 0. Adding nonnegative artifi-
cial variable w4 in the second, subtracting ws in
the third (negative RHS), and minimizing their
sum, produces Phase I model: min w4 + ws,
s.t. 3wy 4+ wo + 2wz < 9, 4wy + 4wy + wy > 6,
Wy — Wp — W3 — W5 = —2, Wy, W2, W3, Wg, ws > 0.
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Setting wy = 6 — 4(0) — 4(0) = 6 (or any higher
value) and ws = —(2 — (0) + (0) + (0)) = 2 com-
pletes a starting (artificially) feasible solution.
(c) All three constraints are violated at w = 0.
Subtracting nonnegative artificial variable wy in
the first, adding ws in the second, adding ws
in the third, and minimizing their sum, pro-
duces Phase I model: min ws + wyq + ws, s.t.
(w1 =3)%4 (w2 —3)2—ws < 4, 2w +2wz+wy = 5,
wy + ws > 3, wa, we,ws > 0. Setting wz =
(3—0)2+(3~0)2—4 = 14 (or any larger value),
wg=5-20)=20)=5and ws=3-(0)=3
(or any larger value) completes a starting (arti-
ficially) feasible solution.

(d) Only the third constraint is violated at
w = 0. Adding nonnegative artificial variable ws
there and minimizing its value produces Phase I
model: min ws, s.t. (w; — 5)% + (w2)? < 25,
3w, — wy = 0, w1 + w3 > 2, wy, w3 > 0. Setting
wsz = 2—(0) = 2 (or any greater value) completes
a starting (artificially) feasible solution.

3-18. (a) Stop and conclude the model is infeasi-
ble because all artificial variables cannot be elim-
inated. (b) Drop artificial variables and proceed
with Phase II from initial solution y = (22,4, 3)
which is feasible because both artificials = 0 at
the end of Phase I. (c¢) Drop artificial variables
and proceed with Phase II from initial solution
y = (1,3,1) which is feasible because both ar-
tificials = 0 at the end of Phase 1. (d) With
some artificials positive, the current (v1,¥2,¥3)
solution is not feasible. But there may still be
such a solution because the optimum is only lo-
cal. Repeat Phase I from a new starting point.

3-19. Needed artificial variables and their start-
ing (artificially) feasible values are exactly as in
Exercise 3-17. (a) For a maximize model, sub-
tract a large multiple of the artificial variables
in the objective to obtain big-M model: max
22wy —wo+15w3— M (wetws), s.t. 40w;+30w,+
10wa+wy4 = 150, wy—we < 0, 4wa+ws+ws 2 10,
wy, W, W3, Wa, W5 > 0; wy = 150, ws = 10

(b) For a minimize model, add a large multiple of
the artificial variables in the objective to obtain
big-M model: min —11w; + 10w, + w3+ M (w4 +
ws), s.t. 3wyt we+2ws < 9, 4wy +4we+wy 2 6,
wy — W — W3 — W5 = —2, W1, W2, W3, Wy, Ws = 0;
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Wy = 6, ws = 2

(¢) For a minimize model, add a large multiple of
the artificial variables in the objective to obtain
big-M model: min 2w, + 3w, + M (w3 + w4 +ws),
s.t. (w1 —3)%+ (wy — 3)% — w3 < 4, 2w, + 2w, +
wyg = 5, wy + ws > 3, w3, wq, ws > 0; wz = 14,
Wy = 5, ws = 3

(d) For a maximize model, subtract a large mul-
tiple of the artificial variables in the objective
to obtain big-M model: max wiw; ~ Mws, s.t.
(w1—5)2+(wz)? < 25, 3wy —w;p = 0, wyi+w3 > 2,
wo, w3 2 0; w3 = 2

3-20. (a) Stop and conclude the model is infea-
sible if M is big enough because artificial vari-
ables remain positive. Otherwise, increase M
and repeat the search. (b) Stop and conclude
Yy = (22,4, 3) is a global optimum for the origi-
nal model because it is feasible with all artificials
=0 and optimal because a global optimum was
obtained with the big-M model. (¢) Conclude
y = (1,3,1) is a local optimum for the original
model because it is feasible with all artificials =0
but possibly not a global optimum because the
big-M search yielded only a local. If desired, re-
peat the big-M search from a new starting point.
(d) Conclude nothing because only a local opti-
mum has been obtained and some artificials re-
main positive. Repeat the big-M search from a
new starting point.
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