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2-3 2 23. Let A = (a;;) be the (n x n) matrix specified thus:
-1 -2 1 ay =dfori = janda;; = 1fori # j. Forn =2,
3, and 4, show that
3 1-1

- det(Ay = (d — 1" Yd — | +n),

12 A=

. Let A and B be (#n x #) matrices. Use Theorems 2

1A= 0 and 3 to give a quick proof of each of the following.
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a) If either A or B is singular, then A B is singular.

b} If AB is singular, then either A or B is singular.
25, Suppose that A is an {# x n} nonsingular matrix,

and recall that det(f) = 1, where { is the (n = n)

identity matrix. Show that det{A™") = 1/ dct(A).
26. If A and B are (n x n) matrices, then usually AB #

BA. Nonetheless, argue that always det{AB) =
B det(BA)}.
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In Exercises 27-30, use Theorem 2 and Exercise 25
to evaluate the given determinant, where A and B are
1 (n x n) matrices with det(A) = 3 and det(8) = 5.

27. det{ABA™") 28. det(A?H)
29, det{A~'B1A?) 30, det{AB~'A"LB)

31. a) Let A be an (n x 1) matrix. If n = 3, det(A)
can be found by evaluating three (2 x 2)
determinants. If n = 4, det(A) can be found by
evaluating twelve (2 x 2) determinants, Give
a formula, # (n), for the number of (2 x 2)
determinants necessary to tind det{4) for an
arbitrary n.
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20, Let A = (a;;) be a given (3 x 3) matrix. Form the
associated (3 x 5) matrix B shown next:

NN ofl  o73

. A=

25

B= azl)ﬁ ,
a3 f{%ﬁ-

“a) Subtract the sum of the three upward diagonal

products from the sum of the three downward
diagonal products and argue that your result is
equal to det{A).

b) Show, by example, that a similar basketweave
atgorithm cannot be used 10 calculate the
determinant of a {4 x 4) matrix.

| In Exercises 21 and 22, find all ordered pairs {x, ¥) such
that A is singular.

¥ x 11
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33.
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b) Suppose you can perform additions,
subtractions, multiplications, and divisions each
at a rate of one per second. How long does it
take to evaluate H{n) (2 x 2) determinants
whenn =2, 7= 35, andn = 107

Let {7 and V be (n x n) upper-triangular matrices.
Prove a special case of Theorem 2: det({/V) =
det(U7) det{ V). [Hinr: Use the definition for matrix
multiplication to calculate the diagonal entries of the
product 'V, and then apply Theorem 4. You will
also need to recall from Exercise 67 in Section 1.5
that I/ V is an upper-triangular matrix. ]

Let ¥ be an (s x i) triangular matrix. Use Theorem
4 to prove that det(VT) = det(V).

Let T = () be an {n x n) upper-triangular ma-
trix. Prove that det(T) = #1102z .. . tha. [Hint: Use
mathematical induction, beginning with a (2 x 2)
upper-triangular determinant.]
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9|0 0 2 DO 1w, ]0 0 1 90 In Exercises 19-22, evaluate the {4 x 4) determinants.
G013 121 3 Theorezm:é—g ca:snbe used to mm;())llf); thvfl: ca;culatlons.
19, 20.
041 3 0 0 0 35 i
1 21 1 210
2156 031 2
212 3 01 1 3
LI0O O 10 12./]0 1 00 1 211 2212
0263 0203 0413 224 4
541 s 2 10 6 21 22,
02 21 1 1 3 3
000 4 3 2 2 4
1 31 1 0 2 1
In Exercises 13-18, assume that the (3 x 3) matrix A 2 2 1 41 3 2

satisfies det(A) = 2, where A is given by
In Exercises 23 and 24, use row operations to obtain a

. a b triangular determinant and find the value of the original
A=| 4d e f V. Vandermonde determinant.
g h i 2. |1 a o 1|1 a & &
2 2 3
[Calculate det{ B) in each case. L b b I'h 5 b
[ a & 3c d e f 1 ¢ ¢ 1 ¢ & ¢
13.B={d e 3f 4. B=| g h i 1 d & o
' Ly & 3 a b ¢ 25. Let 4 be an {(n x n) matrix. Use Theorem 7 to argue
- b that det(cA) = ¢” det(A).
a ¢
‘ 26. Prove the corollary to Theorem 6. [Hint: Suppose
B.B=| e d f that the ith and jth rows of A are identical. Inter-
hog i change these two rows and let B denote the matrix
- that results. How are det(A) and det(®) related?]
u b ¢ 27. Find examples of (2 x 2) matrices A and B such that
16.8=| a+d b+e ¢+ f det{A + B) £ det(A) + det(B).
2 h i 28. An (n x n) matrix A is called skew symmetric if
- AT = —A. Show that if A is skew symmetric,
[ d e f then det(A) = (—1)" det(A). [Hint: Use Theo-
VB=| 20 2 2 rem 5 and Exercise 25.] Now, argue that an (n x n)
_ skew-symmetric matrix is singular when » is an odd
[ & kB integer.
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ultimately requires the evaluation of n!/2 determinants of order (2 x 2). Even for modest
values of », the number n!/2 is alarmingly large. For instance,

101/2 = 1,814,400,
whereas
200/2 > 1.2 x 10'8,

The enormous number of calculations required to compute det(A — t/) means that we
cannot find p(f) in any practical sense by expanding det{A — /). In Chapter 6, we note
that there are relatively efficient ways of finding det(A), but these techniques (which
amount 1o using elementary row operations to triangularize A} are not useful in our
problem of computing det(A — 1 /) because of the variable ¢. In Section 7.3, we resolve
this difficulty by using similarity transformations to transform A to a matrix H, where A
and H have the same characteristic polynomial, and where it is a trivial matter to calculate
the characteristic polynomial for H. Moreover, these transformation methods will give
us some other important results as a by-product, results such as the Cayley—Hamilton
theorem, which have some practical computational significance.

- EXERCISES
InExercises 1-14, find the characteristic pelynomial and 175411 14. 1 -1-1-1
the eigenvalues for the given matrix. Also, give the al- 45 1 1 11— -1
- gebraic multiplicity of each eigenvalue. [Note: In each )
case the eigenvalues are integets.] 1142 -1-1 1-1
'l.—IO 3 2 1 1 1 2 4 -1 -1-1 1
' 2 3 0 —1 15. Prove property (b) of Theorem 11. [Hint: Begin
| - with AX = AX, x £ 6.]
3 2 -1 4. 13 —16 16. Prove property (¢) of Theorem 11.
-1 2 9 —11 17. Complete the proof of property (a) of Theorem 11.
_ - 18. Let (1) = 3 — 212 — ¢ + 2; and for any (n x n)
51 1 -1 2 2
= - 6. matrix H, define the matrix polynomial ¢ (H) by
: 1 3 33
. ; _ g(H) = H* —2H* — H + 21,
.[ —6-1 2 8. -2-1 0
3 20 0 1 1 where [ is the (n x n) identity matrix.
14 -2 5 | -2 =2 -1 a) Prove that if A is an eigenvalue of H, then the
_ " - _ number g() is an eigenvalue of the matrix
-9 3-1-i 0. [ -7 4 -3 g(H). [Hint: Suppose that HX = Ax, where
| ~12 0 5 g8 -3 3 X # @, and use Theorem 11 to evaluate g (H)x.]
4 —2 —1 \_ 32 —16 13 b) Use part a) to calculate the eigenvalues of g(A)
; - - and g{B), where A and B are from Exercises 7
! 11_)" 7 4 4 12.r6 4 4 1 7 and 8, respectively.
1o 1 =1 461 4 19. With g(t) as in Exercise 18, verify that ¢(C) is the
01 3 41 6 4 zero matrix, where C is from Exercise 9. (Note that
- g (¢) is the characteristic polynomial for C. See Ex-
| 1 4 4 6 ercises 20-23.)
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Exercises 20-23 illustrate the Cayley—Hamilton theo-
rem, which states that if p(¢) is the characteristic poly-
nomial for A, then p{A) is the zero matrix. (As in Ex-
ercise 18, p(A) is the (» x »} matrix that comes from
substituting A forr in p{t).} In Exercises 20-23, verify
that p(AY = © for the given matrix A.

20. A in Exercise 3
22. A in Exercise 9

21. A in Exercise 4
23, A in Exercise 13

24. This problemn cstablishes a special case of the

25

26

Cayley—Hamilton theorem.

a) Prove that if B is a (3 x 3} matrix, and if
Bx = 8 for every x in R?, then B is the zero
matrix. [Hint: Consider e, 8e;, and Bes.]

h) Suppose that &;, k2, and A, are the eigenvalues
of u {3 x 3) malrix A, and suppose that wy, uz,
and u; are corresponding eigenvectors. Prove
that if {u;, vz, us) is a linearly independent set,
and if p{t) is the characteristic polynomial for
A, then p(A) is the zero matrix. [Hint: Any
vector X in R? can be expressed as a linear
combination of my, Be, and us.]

Consider the (2 x 2) matrix A given by

Az[ ]

The characteristic polynomial for A is p(r) = 1% —
(¢ + ) + (ad — be). Verity the Cayley—Hamilton
theorem for (2 x 2) matrices by forming A* and
showing that p(A) is the zero matrix.

a b
c d

Let A be the (3 x 3) upper-triangular matrix given
by

d f
b e
0

o

=
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The characteristic polynomial for A is p(t1} =
—{r — a)(r - B){t — ). Verify that p(A) has the
form p(4) = —(A — al){A = bIY(A —cl). |Hint:
Expand p(t) and p{A); for instance, (A — b6f)(A —
eIy = A — (b+ YA + bel]. Next, show that p(A)
is the zero matrix by forming the product of the ma-
trices A —af, A—bF and A —cl. [Hint: Form the
product (A — b A — el first.]

27. Letg(t) = t" +a,_11""'+---4+a;1 +ap, and define

the (# x #) “companion” matrix by

29.

—dy_| —dp2 oA —ap
! H - 00
A= 0 1 oo 00
0 0 .- 1 0

a) For n = 2 and for n = 3, show that
det{A — t1) = (=1Y'g{*).

b) Give the companion matrix A for the
polynomial q(¢) = +* + 3t} — 2 +2¢ — 2.
Verify that g{t) is the characteristic polynomial
for A.

¢) Prove for all n that det(A — 11} = (—1)"g(s).

. The power method is a numerical method used to es-

timate the dominant eigenvalue of a matrix A. (By
the dominant eigenvalue, we mean the one that is
largest in absolute value.) The algorithm proceeds
as follows:

a) Choose any starting vector Xy, Xy # 8.
b)Y Letx; 1) = A%, k=0,1,2,....
¢} Let B = X)X /X X k=0, 1,2.....

Under suitable conditions, it can be shown that
{B:} — X1, where A, is the dominant eigenvalug
of A. Use the power method to estimate the domi-
nant eigenvalue of the matrix in Exercise 9. Use the
starting vector

and calculate Sy, 81, B2. B3. and B4.

This exercise gives a condition under which the
power method (see Exercise 28) converges. Sup-
pose that A is an (7 x #) matrix and has real eigen-
values A}, Az,...,A, with corresponding ecigen-
vectors uy, Wz, ..., u,. Furthermore, suppose that
[Ai] = |A2] = -+ = |A,], and the starting vector
Xy satisfies xg = ejuy + c2uz + - -+ + ¢y, where
¢ # 0. Prove that

lim B, = A.
k—o0

[Hint: Observe that x; = Afxg, j = 1, 2,...,
and use Theorem 11 to calculate x;; and x;. Next,
factor all powers of Ay from the numerator and de-
nominator of By = X Xg 4 (/%] %;.]



