314 Chapter 4 - The Eigenvalue Problem

EXERCISES

The following list of matrices and their respective char-
acteristic polynomials is referred to in Exercises 1-11.

) B

plity= (=3 -0, pl) = =27,
-6 -1 2 -7 4-3
C= 3 2 0 D= g§ -3 3
—-14 -2 3 32 —16 13
py=—( =170 +1), pl) =~ — B,
6 4 4 1 1 -1 -1-1
E=4614 Fo —1 1—1—1,
4 1 6 4 -1 -1 1-=1
i 4 4 6 -1 -1-1 1
plry = plo) = +2)¢ =2
(t + 1t + 57 — 15),
In Exercises 1—1 1, find a basis for the eigenspace Ej

for the given matrix and the value of A. Determine the
algebraic and geometric multiplicities of A.

1. AA=3 2.4,.4a=1 3.BA=2
4. C,a=1 5.C,h=-1 6. D, h=1
7. E, 0 =-1 8 E,n=3 9. £, A=15
10.F,A==-2 1LFA=2

In Exercises 12-17. find the eigenvalues and the eigen-
vectors for the given matrix. Js the matrix defective?
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16. [ - 17,7 3 -1-1

L

18. If a vector X is a linear combination of eigenvec-
tors of a matrix A, then it is easy to calculate the

20.

21.

22,

23.

25.

26.

product y = A¥x for any positive integer k. For in-
stance, suppose that Auy = A uy and Az = haug,
where w; and uz are nonzero vectors. If x =
auy + a1z, then (see Theorem 11 of Section 4.4)
y = Afx = A¥(@u ) = a) A+t =
a; ()¢ + az(r2)*w. Find A'x, where

A=[‘5‘j] d:[‘;}

. As in Exercise 18, calcutate A'%x for

1 21 2
A=| 0 35-2 and x=| 4
0 6-2 7

Consider a (4 x 4) matrix H of the form

x X X

{an

X

a »x x X
b x x

0 0 ¢ x

In matrix (11) the entries designated x may be zero
or nonzero, Suppose, in matrix (11), that 4, b, and
¢ are nonzero. Let A be any eigenvalue of H. Show
that the geometric multiplicity of X is equal to L.
[Hint: Verify that the rank of H — AJ is exactly
equal t0 3.}

An (n x n) matrix P is called idempotent if P> = P.
Show that if P is an invertible idempotent matrix,
then P = 1.

Let P be an idempotent matrix. Show that the only
eigenvalues of P are A = O and & = 1, [Hint:
Suppose that Px = AX, x # 8.}

Letube avectorin R” such thatu”u = 1. Show that
the (n x n) matrix P = wu’ is an idempotent ma-
trix. {Hint: Use the associative properties of matrix
multiplication.]

. Verify that if Q isidempotent, thensois / — Q. Also

verify that ( = 20)"' =1 - 2Q.

Suppose that u and v are vectors in R™ such that
wom=1,vv=1adu"v =0 Show that
P =wun’ + v¥7 is idempotent.

Show that any nonzero vector of the form au + by
is an eigenvector cotresponding to A = | for the
matrix P in Exercise 25.
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4 o _
3 3 ] 9
1 4 3 7
2 -5 8 3
2 -9 7 4
. »5» [V, DI=aig(A)
vaes o .
0.6897 + 0.2800i ~ 0.6897 -.0.28001 0.8216 0.9609
" 0.4761 + 0.20511 0.4761 - 0.2051i 0.4196  -0.0067
10,1338 + 0.22551 0.1338 - 0.22551  0.3014  -0.276S
~0.1139 + 0.3090i -0.1139 - 0.3090i -0.2408  -0.0160
- §.9014 + 5.30281 .0 0 0o
S0 6.9014 - 5.30281 0 0
0 0. 4.0945 o
L I 0 0 1.1027

Figure 43 MATLAB was used to find the eigenvalues and
eigenvectors of matrix A in Example 6—that is, AV = VD or
V~'AV = D, where D is diagonal.

EXERCISES

In Exercises 1-18,5 = 1 +2i,u =3 —2i, v =4 +1,
w =2—i,and z = 1 +i. Ineach exercise, perform the
indicated calculation and express the result in the form
a+ib.

1.4 2.z Ju+v
4.7+ w S5.u+u 6.5—5
FARTIY 8. uv 9,2 —w
10. 2w 11. aw? 12, s(u® + v)
13, u/fv 14. v/u? 15. 5/2
16. (w+/u 17.wtiz 18. s — iw

Find the eigenvalues and the eigenvectors for the matri-
ces in Exercises 19-24. (For the matrix in Exercise 24,
one eigenvalug is A = 1+ 51.)

19. 6 8 20, 2 4
-1 2 -2 -2

21. [ -2 -1 2. 5-5-5
[5 2] -1 4 2
3 -5 -3

3.1 -4-1 M 1-5 0 0
3 2 3 5 1 00

1 1 3 00 1-2
L0 0 2 1

In Exercises 25 and 26, solve the linear system,

25. (L +x+iy= S5+4i
(1-ix—4y=—11+3

26. (1l -iyx— B+iy=-5-1
C+ix+(1+2y= 1+6




4.7 Similarity Transformations and Diagonalization

In Exercises 27-30, calculate i1l

1414 3+
2’7.1:[ +£-J 28.x=[ +I~J
2 2-—-i

1 -2 2i
29.x = i [
3+ 3

In Exercises 31-34, use linear algebra software to find
the eigenvalues and the eigenvectors.

.22 5 32,012 8
53 7 g 49
15 3 [ 2 61

W51 0 87 M[5546
3 6 8-3 08 6 7
114 2 12 31
L9 7 6 9 L6385

35. Establish the five properties of the conjugate opera-
tion listed in (2).

36. Let Abean (m xn) matrix, and let B be an (n X m
matrix, where the entries of A and B may be com-
plex. Use Exercise 35 and the definition of AB to
chow that AB = AB. (By A, we mean the matrix
whose i jth entry is the conjugate of the i jth entry of
A) If A is areal matrix and x is an (a x 1} vector,
show that Ax = AX.

37. Let Abean (m x n) matrix, where the entrics of A
may be complex. It is customary to use the symbol
A* to denote the matrix

A* = (A).

38.

39.

40.

41.

42.
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Suppose that A is an (m X n) matrix and B is an
(n x p) matrix. Use Exercise 36 and the properties
of the transpose operation (0 give a quick proof that
(AB)* = B*A”.

An (n x n) matrix A is cailed Hermitian if A* = A,

a) Prove that a Hermitian matrix A has only real
eigenvalues. [Hine: Observing that XX =x"x.
modify the proof of Theorem 17.]

b) Let A = (a;;) be an (n x n) Hermitian matrix.
Show that o;; isteal for 1 <i <n.

Letpih=as+ &t +- - + apt”, where the coeffi-
cients ep, &1, ... . G AFC all real.

a) Prove that if r is a complex root of p(thy =10,
then 7 is also a root of p(f) = 0.

b) If p{t) has degree 3, argue that p(r) must have
at least one real root.

AOfAisa(3x3) real matrix, argue that A must
have at least one real eigenvalue.

An {n x n) real matrix A is called orthogonal
if ATA = I. Let A be an eigenvalue of an or-
thogonal matrix A, where A = r + is. Prove
that Ak = r2 + s? = 1. [Hins: First show that
lAx|| = x|l for any vector x.]

A real symmetric {n x 11} matrix A is called posifive
definite itx"Ax > Oforallxin R". X # §. Provethat
the eigenvalues of a real symmetric positive-definite
matrix A are all positive.

An (n x n) matrix A is called unitary if A*A = 1.
(If A is a real unitary matrix, then A is orthogonal;
see Exercise 40.) Show that if A is upitary and X is
an eigenvalue for A, then Al =L

SIMILARITY TRANSFORMATIONS
AND DIAGONALIZATION

n Chapter 1, we saw that two linear systems of equatiens have the same solution if their
augmented matrices are row equivalent. In this chapter, we are interested in identifying
classes of matrices that have the same cigenvalues.

As we kiow, the eigenvalues of an (r X n) matrix A are the zeros of its characteristic

polynomial,

p(1) = det(A —t).



